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IIPEATI'OBOP

Y cratucTUykoj obpaau momaTaka MOOUJEHUX MepemeM BPETHOCTU HeKe
cayvajHe BeauwumHe (CIydajHOT oDeseskja Ha €IeMEHTHMa MNOIyJIanuje, Ipe
CBera MepemeM HyMEPUUKOT 00eJIekja) 4eCTO Ce MOCTABILA INTAKE KOJU CTATHUC-
TUYKU Mogmesa omabparu. JIpykumje pedveHo, TOCTaBha Ce MUTAHE U3 KOje
TEOPUjCKe pacrogese MoTudy aodbujenu pesyiararu mepema. OBaj Atnac yumHU
jemaH MoKymiaj ma ce MOMOTHe CBUMAa OHMMAa KOjU MMajy moTpede ma pemaBajy
HaBeIeHN 3a1aTaK.

IIpm obpanu cTaTUCTUUKAX MOAATAaKa, KOjU MPENCTaBIba]y M3MEepEHe Bpel-
HOCTHY HEKOI HyMEPUUKOI CIyYajHOr obesiekja, 0OMYHO MPBO Tpeba OaroBOpuU-
T Ha NUTame O3 JU Ce Paall O JUCKPETHOM WM O HENPEKUIHOM OOeJIexK]y.
TTox muckperHUM oGeneskjeM (Tj. IMCKPETHOM CIYUYajHOM BEJIMUYMHOM) TOADA-
3yMeBaMO CBaKO OHO obesexkje YMju CKyN MOryNWX BPEAHOCTU je CcaMO KOHa-
YyaH WJIM TPeOpOojuB CKym peasiHuX OpojeBa. Ilon mempekumuuMm obemeskjeM,
maK, IMoJpa3yMeBaMO CBAaKO OHO ODelleskje UMju CKyNl MOTYyNUX BPETHOCTHU je
CKYIl CBUX peaJIHUX OpojeBa ca jeqHOr WM BUIIE MHTEPBAaJa, KOJU MOTY OUTHU
KaKO OTBODEHU TAKO M 3aTBODeHU (ca jemHe miaum ca 06e CTpaHe), KAKO KOHAYHU
Tako n Oeckonaunu. OBaj Atnac nocBehen je camo pacmougenama HENPEKUIHUX
CIy4YajHUX BEeIUYNHA.

Koju on cratuctmurmx momena he mcrpaskmBau y CcBOM pany omadbparu
3aBucH ox MHOro ¢akropa. MeDy mBuma cBakako HMBO IO3HABama CTATUC-
TUYKUX pacuogmena (M DAHMJUX WCKYCTABA) HUjE 3aHEMADJLUB. Y IOTAKEmY
IO KOHAYHOI ONpEAeshermha 33 HEKM CTATUCTUYKM MOJes 00muHO Tpeba npohn
HEKOJWKO KOpaKa M KOPUCTUTHU Ce ' MEeTOAOM enmMuHanmje” .

Kana ncrpakmnsayu cpemu nonarke popmupajyhm sapujanuonn aus (Tj. pe-
bajyhu nomatke mo BenuunHM, moves o HajMamer na no Hajseher pesynrara),
crenehu kopak 6u 6ro ¢popMupame Tabena ca (ppekBeHIUjaMa IOjaBbUBAHA
BPEIHOCTH IO MOjeqUHUM MOAMHTEPBAJINMA CKyma Moryhux Bpemaoctu. [locae
Tora, Hajuemhe ce maje rpaduyku Npuka3 HOOW]EHUX Pe3yaTaTa ImyTeM hOopMU-
pama TMOJMroHa M/Wiau XUCTorpaMa, KOju OAroBapajy m3abpaHuM MOIUHTED-
BanmMa (KsacamMa BPeXHOCTH) U BUXOBUM (peKBeHIMjaMa (pesaTUBHUM U/ Man
AlCOMYTHUM). Y KOJIMKO NOOUjeHM MOJIUIOHU OXHOCHO Xucrtorpamu noxcehiajy
Ha rpaduke I'yCTUHE HEKe pacuolese, OHIa je Ta pacrnomgesa jelaH ox Moryhnx
KaHIUAATa 3a U300p TEOPHUjCKUX Momena. TakBuUx KaHAXZATA MOXKe Oa Oyme
Bume. Taj ckyn kammumara he ce maJse Cy:kaBaTu Ha OCHOBY HOBUX MH(pODPMa-
ouja, Kao mTo Cy: CKyNn MOTyhmx BpemnocTH, 6poj (M BPEIHOCTHM) HEMO3HATHUX
TmapamMeTapa, Cpenmha BPeqHOCT, AqUCliep3nja, MearjaHa, Moayc, Beha mim mama
OUYeKMBaHA CUMETPUYHOCT pacmouese, Beha min Mama CIibOMITEHOCT UT.

Kana ce, kopumhemeM ropmux mHpOpMaIuja, CKyln MOrynmx kaHaupara
CBelle Ha CaMO BUX HEKOJIWKO, OHAA Y KOHAYHOM OIpeAebelhbY MOMKe BarKHY
VIOTY Ia ONWTrpa M jJeTHOCTABHOCT y AHAJUTUYKVM M3pa3vMa 3a IyCTHHE, 3a
MaTeMaTUYKa OYEKUBaWHA, QUCIEP3uje, Koepunujenre acumerpuje urn. Hapas-
HO, Tpeba MMaTu HA yMy 4 TO fga he decro OuTw m Bume O jenHE pacIoneiie
KOje ce Mory m3abparu Kao MOIeJI.

A nexkBaTHOCT M3abpaHe pacrnozese Hajdemhe ce TpoBepaBa KOpUIINemeM



T IIpenrosop

[MupcoroBor Y2-TecTa, Maja UMa U MHOTO APYTHX TecToBa. llpu xopumhemy
KoamoroposmeBor Tecta Tpeba 6uTH BeoMa ompesaH, ¢ 0O3UPOM Ha TO Ia Ce
y BeMy yHalpeJl IoIpa3yMeBa IIO3HaBalke CBUX IlapaMeTapa pacrnouede.

3a pacnogene y oBoM Arnacy paru cy cuaenehu monammu:

— (yHEKOU]ja T'YCTHUHE,
— CKyI BPEIHOCTU U 3HaUeme lapamerapa,

— KapaKTEePUCTUYHU IPA(GUIU T'YCTUHE y 3aBUCHOCTU OJ IapaMeTapa.
3a 3HavYajHUje pacrmomesie OATH Cy W HEK:M o ciemehmx momaTaka:

— ¢yHEIUja pacnomuele,
— KapaKTepUCTUYHa (YHKIU]jA,
— reHeparpurca MOMeHaTa,
— eHTpONHUja,
— MOMEHTH,
— MOZAYC U MeIUjaHa,
Koe(DUIIjeHTH acUMeTpHje U CIJLONITEHOCTH,
— OIleHe mapameTapa,
— obJlacTu IpUMeEHE,
— reHepucame BPEeJHOCTU OAroBapajyhe ciydajHe mpOMEHJbUBE.

OcunmM Tora, 3a Behuny pacnozmena mata Cy W HeKa JOAATHA CBOjCTBA KAO U
Be3e ca APYTUM pacHozeiaMa.

IIpe onuca nojenuaMx pacnomuenia, y yBOIHOM Ay IOI HA3uBOM HenpekugHe
pacrnogene nare cy nefUHUIUje CBUX IOjMOBa KOjU ce KOpHUCTe Yy Artnacy, Kao
¥ HajBaKHUJU Pe3yarTaTd KOJU MOry OWTH KOPUCHN Yy IPUMEHN paclozeia.
Kparak npura3 cnenujanHux QyHKIUja Koje ce IOMUBY y ATjacy maT je mocie
omuca pacnonena, kao fogatak. Ha kpajy mure je cnmcar xkopumheHe auTe-

parype.

3a momoh npu um3spann ¢urasHe Bep3uje ATnaca 3axBaJbyjeMO Ce€ pelleH-
3erruMa, ap llaBay Muaanenosuhy, npodecopy Maremarmukor ¢pakynarera y
Beorpany m np Jbumanu IlerpoBuh, npodecoprn Exonomckor darynarera y
Beorpany. 3a ¢unancujcky momoh 3axBasbyjemo ce romeru Janpawmy Bpruhy.

Beorpam, 2007. AyTopnu
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XUIepreoMeTpujcka (yHKIU]ja

JlarepoB m yonmrenu JlarepoB mosmHOM
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Croucak o3HaKa

sin
cos
tan
arcsin
arccos
arctan
sh

ch
tanh
exp

In

log

EnemveHTapHe QyHKIUje

CUHYC
KOCHUHYC
TaHT€HC
apKyCCHUHYC
apKyCKOCUHYC
apKyCTaHTeHC

CUHYC XUIEPOOINIKNA

KOCHHYC XUIIepOOTTIKA

TaHTMeHC XUIePOOINIKA
ekcroHeHnujanHa GyHrmuja (exp(z) = ev)
JorapuTaMcKa (yHEOUja ca OCHOBOM €

JlorapuTaMcka QyHKNHIja ca ocHoBoM 10




HEITPERMN/IHE PACIIOEJIE

Y oBoM meny cy mare meduHUNNMje W OCHOBHE YHWILEHUIE KOje ce OITHOCE
Ha pacromeiie HEeOPEKUIHUX CAyYajHUX OPOMEHJMBUX Wiau Kpahe, HenpekugHe
pacrnogene.

1 CuayuajHe mpoMeHJBMBE U QYHKIUje pacIonea

ITojam cayuajre mpomenssuBe yBeo je Kapa IMupcor® 1909. roamme.

Heka je (2, F, P) npoctop BepoBatHohe (€ je ckyn emementaprux norabaja,
F je c-amrebpa norabaja, a P je Beposarnoha mepunucana ma (2, F)) u Hera
je B Bopemnosa o-aare6pa mOACKYIOBa CKylla peaJHux opojesa R.

Hepunnnuja 1 dynxyuja X : @ — R je cnyvajHa npomeHssusa (BenuyuHa) axo je
Mmepapusa Yy 00nocy Ha o-anzebpe F u B, o0nocro axo 3a caaxu Bopeaos ckyn B € B
eaxcu

X YB)={w:X(Q) € B} cF.

W3 mepununuje ciemu ma ce Ha OPUPOJAH HAUUH MOYKe NePUHUCATUA BEPO-
BaTHola ckyna B 3a caku Bopenos ckyn B € B.

Hebuaunuja 2 dynxyuja Px : B — R dedunucana ca
Px(B) = P(X~'(B))
Ha3usa ce pacnojena seposaTHoha uau xpahe, pacnofena, caysajre npomenuse X .

Crnennjanno, 3a ¢ € R Mo:keMo nma yamemo B = (—o0, z].

1.1 @Pyurnmja pacmonee
JHe¢pnuunuja 3 Pynxyuje Fx : R — R dedunucana ca
Fx(z) = Plw: X(w) < x}

je ¢yHkyunja pacnogene seposatHoha uau xpahe, pyHkymja pacnogene, cayuajue npome-
Houge X.

Ako je jacHO 0 KOjOj IPOMEHJLUBO] je ped, ymecro Fx Moxke ce nucatu F.
dyurmuja F je Heomamajyha, HempekmupHa C IeCHe CTpaHe 3a CBaKU peaJiaH
Opoj T M BaxKU:

lim F(z) =0, lim F(zx)=1.

Tr——00 r——+o0

WznBajajy ce Tpu Tuma ¢yHKOMja pacnomenae: AUCKPETHE, alCOJIYyTHO He-
IpEeKuIHe U CUHTYyJIADHE, IPU 4YeMy CBaka (pyHumja pacmnonene F' moske na ce
IpUKaKE Y OOJUKY

F(z) = aFi(z) + 0F(2) + (1 —a— B)F3(x), o, B,1—a—-p32>0,

1Karl Pearson (1857 -1936) - eHryiecku MaTeMaTU4ap M CTATUCTUYAD

1



2 Henpexunae pacmonene

rae je I muckperna, F, amcomyTHO HempermmHa m Fj cuHTymapHa (yHIOUja
pacmomee.

OsBre majeMo caMo Ae(UHUNN]Y AICOIYTHO HeMPeRuaHe GyHKIUje PACIoaesie
ob63upoM na cy y ATnacy 3acTyllJbeHe caMO HEIpPEKUIHE PacIoedie.

Hepunannmja 4 dynxyuja pacnodene F cayuajue npomennuee X je anconyTHo
HenpekugHa axo nocmoju unmezpadbuana gynrkuuja g : R — R maxsea da 3a ceaxu
peaaan 6poj T saxncu

dynxryuja g je ryctuHa pacnogene cayuajHe npomensuse X.

AmnconyTHO HempekmnigHa (YHKIMja pacHolesne je HeMpeKuaHa W andepeH-
nujabuiaHa CKOPO CBYyJa, NPU UeMY y TAUKU AU(YEPEHIN)abUIHOCTH & BaKU
g(xz) = F'(z). Csaxra HenerarmpHa mHTerpabuiana (yHknuja g : R — R 3a kojy
je f+°° g(t)dt = 1 je rycTuna Heke pacmomeJe.

—0o0

1.2 He3aBUCHOCT CIIy4yajHUX BEJIMUNHA

3a ABE MJIN BUIIE CﬂyqajHI/IX IIPOMEHJ/LUBUX ,I[GCt)I/IHI/IIHe ce HOjal\A HE3aBUCHOCTU.

Hepunaunuja 5 Cayuajne npomensuse X uY na ucmom npocmopy eeposammo hie
(2, F, P) cy HesasucHe axo 3a ceaxa dsa Bopenosa cxyna A u B uz B saxcu

Plw: X(w) € AY(w) € B} = P{w: X(w) € A} - P{w : Y (w) € B}.

Ha cuauvan maume ce mepuHUIIE HE3aBUCHOCT TPU WJIM BUIIE CIIYYAjJHUX
npoMmeHpUBUX. HesaBucHOCT MOske Za ce m3pa3u u noMohy ¢yHEmMja pac-
nogmene. Ha mpumep, caydajoe nmpomenssuBe X m Y cy He3aBUCHE aKO U CaMO
aKo je

Plw: X(w) <2,Y(w) <y} = Fx(z) Fy(y)

3a CBakKa MBa peaJiHa Opoja T U .

2 Henpeknnae ciryuyajHe IPOMEHJbUBE

3a pasnuKy o] JUCKPETHUX CJyYajHUX BeJUYNHA, KOje MOI'Y MMATU HajBUIIe
npeOpOjUBO MHOTO PA3IUYUTUX BPETHOCTU, HEIPEKUAHA CIydajHa MPOMEHJIbU-
Ba y3uMa BPEAHOCTU M3 HEKOI MHTEePBAaJa WU YHUje WHTEePBAJa PeaiHe IpaBe.
IIpu Tome, mHTEpPBAJ MOXKe na Oyme KOHAUYAH UM DEeCKOHAYaH, KAaO U 3aTBOPEH,
OTBODEH WU MOJy3aTBOPEH.

Hepunannuja 6 Cayuajna npomenwusa X je anconyTHO HenpekugHa GKO je mena
dynxyuja pacnodene F ancoaymmo nenpexuona.

Axo je ciryuyajHa TPOMEHJLUBA AICOJIYTHO HEMPEKUIHA, KAKEeMO [a OHa MUMa
amncoJIlyTHO Hempekuaay uiau kpahie, menpekuanay pacnogeny. O63upom na Gyk-
nmja pacmofesie y TOM CJIydajy MOske Ia ce M3pa3u MOMONYy IyCTUHe, BayKu
crenehe TBpheme.
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Teopema 1 Beposamnoha da epednocm ancoaymmo Henpexuone CAYHAJHE NPO-
mennuse X npunada b6uao xom 0d ckynosa (a,b), (a,b], [a,b) uau [a,b] jednaxa je

/abg(x)dx.

Y oBom Atnacy 3acTynibeHe Cy yIJIaBHOM HENPEKUHE PACIOLEIe KOje NMajy
HENPeKNAHY T'yCTUHY. Y TOM Cay4dajy je (yHKIUja pacmomese nudepeHIn)a-
6unna, npu vemy je g(z) = F'(x). V3 maBenenor tBphema caenm na je

Plw:z < X(w) <z+ Az} = g(z)Ax + o(Ax)

kaga Az — 0.

3 Twun pacmonesie

Jedbmaunmja 7 Jee cayuajne npomensuse cy jednake y pPacnodeau axo umajy
ucmy gynryujy pacnodeane.

Y cummcay oBe medumHULIIje, O3HAKA X LY swaun na je
Fx(z)=P{w: X(w) <z} =P{w:Y(w) <z} = Fy(x)
3a CBaKM peasaH OpoOj T.

JIepuuaunuja 8 3a cayuajne npomennuse X u Y kancemo 0a umajy ucmu mun
pacnodeae axo nocmoje peaanu bpojesu a u b (b > 0) maxeu da je

v 441X,

IIpema nmedurMIUju mMamo na je

e At Rl

3a cBaku peasnaH O0poj z. To 3Haum na ce ¢yHKRUMja pacmozmesne 3a Y MOKe
nodutu nomohy ¢yHENUje pacnomesne 3a X JuHeapPHOM TpPaHCHOPMALIOM ap-
rymenTa. Jlpyrmm peumma, m3bopom ¢yurmuje pacnomeire F ompebena je u
mejia jenHa ABomapaMeTapcka pamunauja GyHKOUja pacrnomnelsie ne@UHUCAHA Ca

r—a

F(x;a,b):F( ), r€R, a€R, b>0.

IIpu Tome je F(x) = F(x;0,1). Ce pacnozene oBe paMuiuje cy UCTOr TUIIA.
Ilapamerap a je napametap nokayuje, a mapamerap b je nmapamerap ckanupawa.

3a HenpekuIHe PAcCIomese HaBeaeHO] GaMunuju GyHKIUja PACIOIesre OIro-
Bapa ABOIlapaMeTapcka (paMUInja rycTUHA nepUHHCAHA Ca

1 Tr—a

rme je g ryctua pacnogeie 3a X. Ilpu Tome je

gy (z) = g(x;a,b), gx(z)=g(;0,1).
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4 <$Pammuiauje pacmoznesa

ITocToje m dpamMmmmje pacmnomesna Koje canpske BUIIE TUMNOBA paclogesa, MPU
YyeMy CBe pachomeie m3 paMuinje mMajy HEKO 3ajeIHUYKO cBojcTBO. OBme
ce HaBOZE IBe TakBe pamumimje pacnonesia: [lupcoHoBe pacnojene W eKCNOHEHUU-
JjanHe pacrnogene. Y ciaydajy ¢amMuimje eKCIOHEHIVjaJHUX PAacCIoeiia IyCTUHE
pacrogesna MMajy UCTU oOsamK, a vy caydajy llupcoHoBux pacmomerna rycTtuHe
pacnogena cy pemema aupepeHrjaaHuX jeHaunHa UCTOr O0JINKA.

4.1 IIupcoHoBe pacmoneJiie

Passujajyhu matematuuky Teopujy eBonynuje [lupcon je oTkpuo jemHocTaBHY
mudepeHnnjaany je THAYNHY

q' r—a

E B bo + b1 + bax?

urja Cy pelema T'yCTUHE ABaHAeCT TUIOBa paclofeia. Pemema oBe jenHa-
uMHe ce KIaCU(UKY]y 3aBUCHO O HPUPOJIE HyJa HOauHOMa by + bz +boz?. Ha
Taj HAUMH ce mobuja ABaHAECT TUIOBA pemema kKoja oapebyjy omrosapajyhe
THNOBE pacrnozena Mmo3HaTux kao Ilmpconose pacnogene (tun [ mo tvm XIT).

4.2 ExcnoHeHIUjaJIHE pacHonesie

I'ycrmre pacnozmena oBe paMminje Cy eKCHOHEHIMjanHe (QYHKIUje naTe ca
9(x) = exp {a(0)b(z) + c(0) + d(x)},

rue cy a,b,c,d peanne ¢pynruuje, a 6 napamerap.

Cremujanau ciaydaj je ¢aMumianja eKCHOHEHNUjaJHO CTENeHUX paclonelia
kojy je upsu ommcao Cy6orun (Subbotin, 1923). Ilo yruaeny za ITupcoHoBe
pacnognene, Jlynmera (Lunetta, 1963) je eKCHIOHEHIMjAJHO CTENEHE DACIONENE
pa3MaTpao Kao pacuolese Yuje Cy T'YCTHHE pemlena audepeHlyjaHe jeqHa-

qrHe
/
g _,
g T—c

Ing—1Ina

Ha raj maunn ce moduja TponmapamMerapcka (paMUIMja I'yCTHUHA

T o) = expq —————
NED 20p'/PT(1 + 1/p) P poP ’

e mapaMeTpu p, L U 0 3aBUCE OX a,C u k.

5 OcHOBHe HyMepMUKe KapaKTEPUCTUKE

Hexre HyMepuuke kKapakTepHCTHUKE, KaO MITO CY OYEKMBame, BApUjaHCa, MOIYC
U MeaujaHa, Najy OCHOBHE MH(POPMAaILWje O PACHOLEIN CIydajHe MPOMEHJbUBE.
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5.1 MaTreMaTU4YKO OUYEKUBam€

OcHOBHA KapaAKTEPUCTUKA CIIyJYajHE IPOMEHJbUBE j€ IeHA OYEKUBAHA BPEIHOCT.

Iedunannuja 9 Mamemamuuro ouwexusamwe F(X) nenpexuone cayuajue npomen-
wuse X wuja je zycmuna pacnoodeae g je 0amo ca

—+o0
B(X) = / rg(z)dz
— 00
100 YCA0BOM 06 HABEOEHU UNMEZPAA ANCOAYMHO KoH8epaupa. AKo mo Huje cayuaj,
Mamemamuirxo overusame He nocmoju.

3a MaTeMATUYKO OYEKUBae JUHEeaDHEe KOMOWHAI]e U MPOU3BOAA IBE CIIY-
yajHe MpoMeHbuBe Basku cienehe tBpheme.

Teopema 2 Axo cy X uY cayuajne npomensbuse Koje umajy Mamemamuiro ove-
xusame, maoda je:

1. E(aX +bY)=aFE(X)+bE(Y) 3a a,b€ R,
2. E(XY)=E(X)E(Y) axo cy X uY wnesasucne.

5.2 Mopn n aaTumon,

Jom jemna KapakTepUCTHKA CIIydajHE MPOMEHJ/LUBE j€ MOA W MOAYC.

Hepuaunuja 10 3a Henpekuony CAYLAIHY NPOMENRAHUBY MO0 je Mmawka y Kojoj
Pynryuja eycmune 0ocmuNCe LOKAGAHY MAKCUMYM.

[Ipema Tome, moTeHIUMjadHE BPEAHOCTA MOAA Cy HyJ€ IPBOT M3BOIA (DYHEK-
nuje ryctuae. Mo He MOpa [a MOCTOju, & aKO PACIIONENIa MMa CaMO jeIaH MO
Kayke ce na je yHMMonzaJsHa. Pacmonmena ca aBa Mona je OMMozmaJsHa, a ca BUIIE
MOJOBa je BUIIEMO1aJIHA.

Tepmun mog je yBeo Ilupcon 1895. rommue. AKO rycrtmHa ciydvajHe TpO-
MEHJ/PUBE UMa MUHUMYM, MOXKE IHa ce De(UHUIE U aHTUMOJ.

Hepunaunuja 11 3a nenpexuony caAyuajry npoMeHs U8y AHMUMOO je mayka Y Ko-
joj pynryuja 2ycmune docmuice AOKGAHU MUHUMYM.

5.3 Iucunep3suja

ucnep3uja nam BapujaHca TPEACTaBHA OUESKUBAHO CPEAHEKBALDATHO OACTY-
name Ol OUeKMBaHe BPETHOCTU CIyUYajHe IPOMEHJLUBE.

JTepumannuja 12 Jucnepsuja D(X) uau sapujanca V(X) cayuajre npomensuse
X je dama ca

D(X) = E(X — E(X))?

n00 Ycao8om 0a HagedeHa ovexusama nocmoje. Y npomusrom Oucnepsuja He noc-
moju. Iosumuena eépednocm Kxeadpammoz Kopena OUCMEP3Uje HAUBA CE CMAM-
dapona desujayuja u osnavasa ca o(X) uau camo o.
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W3 nepununmje crenu ma je
D(X) = E(X?) — (E(X))?,

mro suaun na je D(X) < E(X?) u |[E(X)| < /E(X?). 3a mucnepsujy mureapre

KOMOMHaNMje [Be IPpOMeHJ/bUBe Baxku ciaenehe TBpheme.

Teopema 3 Axo cy X u Y Hazasuche cayuajre npomensuge Koje umajy oucnep-
3uje u axo cy a u b peaanu b6pojesu, mada je

D(aX 4+ bY) = a®>D(X) + b2D(Y).

X -FEX
Ako je X* = D()(()) (cTaEmAp M30BAHM WM HODMUPAHU OOJIVMK CILyYajHe
npomenssuse X ), tana je E(X*)=0u D(X*) = 1.
Ilojam crammapame mesujamnuje yBeo je Ilupcon 1894. rommme, a mojam Ba-
pujance yBeo je ®umep? 1918. ronume.

5.4 KRoe¢unujent Bapujanuje
Jom jenHa Mepa oxcrymama ol OYeKHBAaHke BPEAHOCTH je KoepuuujeHT Bapujauuje

koju je takobe yBeo Ilupcon.

Jepnaunmja 13 Axo je m ouexusame, a 0 cmandapOra 0e8UjAUUIA CAYATHE
npomenwuse X, xoefuyujenm sapujoyuje Cy je dam ca

oy =100Z.
m

IIpema ToMe, oBaj KoepUIUjeHT IpenCcTaB/ba KOIUIHUK CTaHIApPIHE IEBU-
janmje m MaTeMaTUYKOI OUYEeKUBamha M3PaKeH y MPONEHTUMA.

5.5 KsamTmian

O063upoM ma MATEeMaTUYKO OYEKMBAE€ U BapPUjaHCA HE MOPajy HOCTOjaTH 3a
ATy pacuoneiry, ne(@uHUINLy ce M HEKe MePe IEHTPAaJIHe TeHIEHIMje U IUCIeP-
31je KOoje IMOCTOj€e 3a CBaKy pacHouely.

Hedbuaunuja 14 3a Henpexuony caAyajry NPOoMeHHUEY KEANMUA Pedd UAU HU-
eoa o (0 < a < 1) je bpoj x,, 3a ®oju je

F(zq) = a.

KBantunu pema o = 0.25 mw a = 0.75 masuBajy ce upsu um Tpehu KBap-
THJ U O3HauaBajy ca (J1 m Q3. Kao Mmepa amcmepsmje pacmozmesne decTto ce,
y caydajy jemHosHauHO ompebheHMX KBapTmia, KOPUCTU BUXOBA pasnuka (UH-
TePKBapTUIIHA Da3JINKA)

Q=Q3— Q1.

2Ronald Aymler Fisher (1890 -1962) — enrsiecku ctaTucTudap
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5.6 Menujana

Iepumuannuja 15 3a nenpexudny caywajny npomennuey X wxeanwmua peda 1/2
nazuea ce medujana u osnavasa ca Me(X).

Axo je pyHEIMja IyCTUHE CUMETPUYHA y OMHOCY Ha HEKY TAUuKy, Ta TadvKa je
opaBo MeaujaHa, IPU YeMy CYy MaTeMaTU4YKO OYEKUBAHE U MearjaHa jemTHaKU
b
(YROMUMKO OUEKMBaM€ TOCTOJN).

6 MomMmenTu

,ZIO,HaTHe I/IH(bOpMaHI/Ije O pacnoaejgaMa ce MOry ,HO6I/ITI/I 13 BpeagHOCTU MOMe-
HaTa 1M NEHTPpaJJHUX MOMEHaTa.

Hedpununuja 16 Axo je g pynryuja eycmune cayuajre npomensuge X, momenam
m, peda r je dedunucan ca
+oo
m, = E(X") = / x"g(x)dx,
— 00
a Yyenmpaany momenam [, peda r je degunucar ca
+o0
pr=E(X —p)" = / (x —m)"g(x)dx,
— 00
npU ueMy ce MPEemnocmasna 0a Cy Ha8e0eHU UNMEZPAAYU ANCOAYMHO KOHBEP2EH-
muu. Y cynpomuom, odzosapajyhiu momenmu He nocmoje.

I[Ipema meduHMIMjM, MATEMATUYKO OUYEKMBAHE jeé MOMEHAT HPBOr pPena, a
AUCIep3Mja je MeHTPAJHU MOMEeHaT APYror pena,

E(X):ml, D(X)Z/,LQ

Kopumhemem 6unomuor passoja 3a (z —m)" mory ce mobutu Bese mameby
MOMEHATa U HEeHTPaJHUX MOMeHaTa. Hawmme, Baske jeIHAKOCTH

M = zk:(—l)i (f) mp—im’,

=0

3a k€ N, rme je pp = mo = 1. Camyno ce mobujajy u jeqHAKOCTH

k
k .
mg = Z (i)ﬂklml7 ke N.

=0

7 Mepe acumeTpuje U CIJBOINITEHOCTH

Ilopen ocHOBHMX HyMepHYKMX KaPAKTEPUCTUKA AaTe PACHOLENe, HEKaa Cy
Ba;KHU U TOJAIM KOjU Ce omgHOCe Ha OoOauMK pacnoxene. Haj3zmauajuuju meby
BUMa CY OHU KOjU TOBOpPE O CUMETPUjU, OMHOCHO aCUMETPUJU U O CIJLOIITEHO-
CTH pacnofeye, a MO3HATHU Ccy Kao [lMpcoHoBy KOepUIMjEeHTU.
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Hedumaunuja 17 Pacnodena nenpexudne cayuajre npomensuge X je cumempu-
YHA YKOAUKO NOCMOJU MAYKa G 3a KOJY je

gla—1x) =g(a+ )
3a ceaku peanan 6poj r. Y cynpommom pacnodena je acumMempusHa.
3a acumMeTpuUYHE pacmomeiie MoTpedbHaA je U Mepa acuMeTpHje.
Jedpuaunuja 18 Koepuyujenm acumempuja 71(X) je degunucan ca

H3
T (X) = 73/2 .
Ha
3a 71 (X) = 0 pacnodeaa je cumempuuna, za 71 (X) > 0 xaxcemo 0a je pacnodesa
MO3UTMBHO acUMETpMUHa UAU acumeTpuyHa ygecHo, a 3a 71 (X) < 0 xaxcemo Oda je
PaAcnooeaq HeraTUBHO aCUMETPUYHA UAU ACUMETPUYHA YIIEBO.

Kako koedunujent 71 (X) He 3aBUCH O Cpenhe BPEHOCTU, HUTU CKAJIUPAHhA
cllyJajHe IPOMEHJBUBE, CBE PACIOIeIle UCTOT TUIA UMAjy UCTY aCAMETPU]Y.

Cr/pomTeHOCT pacuogese ce OTHOCU HA OP3uHy KOHBEPIEHIrje Ka HyJIu Kpa-
jeBa ryctumHe pacmoneie, Kao W KOHIEHTDPaIMja OKO cpenme BpemHocTn. Ko-
PUCTU Ce U TepMUH JebbuHa pena pacnojene m oouuno ce ynopebhyje ca nebmpuHoM
pena HOpMaJiHe pacnoneine. [IupcoH je nepuHUCAO KOEPUIU]EHT CIIbOIMITEHOCTH
nmm kupTosuc (enr. kurtosis) kao konuaHUEK fi4/ u%. Kako je kuprosuc Hopmaaae
pacoogmene jemHak 3, 4eCTO Ce Ka0 MePa CIJbOMITEHOCTH y3WMa BPEIHOCT KUP-
TO3MUCA yMaWmeHa 3a 3.

Jepuannuja 19 Koeguyujenm cnwowmenocmu m2(X) je degunucan ca

T2 (X) = Ha

13
3a ma(X) > 0 xamcemo Oa je pacnogena ca gebenum kpajesuma (penosuma) uau aen-
moxupmuuna (ene. leptokurtic), sa mo(X) < 0 xaxcemo Oa je pacrofena ca TaHKUM
kpajesuma (penosuma) uau naamurupmuuna (ewe. platykurtic), dox sa me(X) = 0
Kamcemo O0a pacnodeaa uma kpajese (penose) ucme Oebapune KaO U HOPMAANG
pacnodeaa uau 0a je mesoxupmuuna (ene. mesokurtic)

Cnupomrrenoct je rakohe mcra 3a cBe pacrmojesie UCTOr TUMA.

8 EsnTponuja

Y teopuju mapopManmja je BarKHA KOIUYNHA MHOOPMALKja CAIPKAHA ¥ CIIyda-

jeom morabajy, a Kao Mepa HEM3BECHOCTHM CJIydYajHE NPOMEHJEMBE KOPUCTU Ce

mojam enTpomnmje Koju je yBeo 1llemon3.

3Claude Elwood Shannon (1916 -2001) - aMepUYKM MaTeMaTAUYAp U WHKEH-ep




Henpeknnue pacnonene 9

Jedpunaunmja 20 3a nenpexudny cayuajny npomensusy X ca NOUMUEHOM 2ycC-
munom g ewmponuja H(X) je degunucana ca

+oo
H(X)= —/_ g(z)Ing(x)dx.

Axo zycmuna nuje ceyda nosumuena, onda ce uNmMezpan Ma 0ecHoj CTPaHU npe-
mzoone jednarxocmu ysuma wa ckyny {z : g(x) > 0}.

Pacnomene ucror tuma Hemajy MCTY €HTPONU]Y, aJU MOCTOjU jeaTHOCTABHA
penanyvja 3a HUXOBE €HTPOMUjE.

Teopema 4 Axo je Y =a+ bX, 20e jea € R ub > 0, mada je

H(Y) = H(X) + Inb.

9 KaparkrepuctuuHa pyHKIUja

Kapakrepucrnuna ¢pyHKIUja HEIpeKUIHE CiydajHe MpoMeHmUBe je Pypujeona
TpaHCchopManuja HmeHe I'yCTUHE.

Jedunaunmja 21 Hexa je X menpexudna caAywajia npoMensUBa HUjd je 2YCTUuHA
g. Pynxyuja ¢ : R — C, 20e je C' cxyn ceur xomnaexcrus b6pojeea, defunucana ca

. +Oo .
p(t) = E (e"X) = / e g(xr)dr, tER

Jje xkapaxmepucmuvra gynryuja 3a X.

W3 nmedunmnuje ciaemu na CBaKa HEIPEKUIAHA CJIydajHA IPOMEHJHPMBA HMA
KapaKTepUCTUUHY (YHKIU]Y U 1a je

L. ¢(0) =1,
3. le(®)] < 1.

Pacnomena ciyvajue mpomensbuBe je jemnHCTBEHO onpeheHa BEHOM Kapak-
TEePUCTUYHOM (GYHIOUjOM, IPU YeMY IOCTOJU W WMHBEP3HA (POpMYyJIa.

Teopema 5 Axo je p xapaxmepucmuuna pynryuja cayvajre npomensuse X 4 axo
je

+oo
/ lo(t)]dt < oo,

— 00

mada je eycmuna g 3a X dama ca
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Ocwum Tora, cBaka (QyHKOMja ¢ KOja je HO3UTUBHO AeUHUTHA U HEIPEKUTHA
Ha R u 3a kojy je ¢(0) = 1 je rkapakTepucTuuna (yHKIUja HEKe CIydajHe
MPOMEHJbUBE.

3a rkapakTepucTUYHEe (YHKOUje IPOMEHJ/PUBUX CA WUCTUM THUIOM DAaCIOIENe
TIOCTOjU Be3a.

Teopema 6 Axo je Y = a+ bX u axo cy ox u ¢y Kapaxmepucmuune Pynxyuje
3a X uY, mada je

oy (t) = " ox(bt).
[Momohy rapakrepucTruHe (yHKIMje MOTY Ce OAPEAUTU MOMEHTU CiIydajHe

IpOMEHJ/bUBE.

TeopeMma 7 Ako cayuajHa NPOMEHHUBE UMG MOMENRAM Dedd T U aKO je heHa
Kapaxmepucmuyra gynkyuja @ dudepenyujadbuara n nyma, , mada je

m 1 n) (0
r ﬁ¢( )( )7
20e je ) umazurapHa jeaunuua (22 = *1)

Yecro ce kopuctu u caenehe cBOjcTBO KapaKTepUCTUYHE (YHKIUjE.

Teopema 8 Axo cy X uY mesasucHe cayuajre npomeHpuse ca KAPAKMEPUCTUY-
HUM PyHRKUUJAME Px U Py U GKO je Pxi1y KAPAKMEPUCTNUYHG PYNKYUjQ BUT080Z
3bupa, mada je

ex+y(t) = ox(t)-¢y(t), teR

10 TI'emepaTrpuca MmoMeHaTa

3a caydyajHe NPOMEH/bUBE ce meduHUIIE WM TPaHCPHOpMANMja T'yCTUHE KOja je
peanna Bep3uja Pypujeose Tpanchpopmanuje.

JTepunannmja 22 Heka je X Henpexuona CAywajHa NPOMERHUBE HUJA Je 2YyCmuHa
g. Pynxyuja M : R — R dedunucana ca

+oo
M(t) = / eg(x)dz, teR,

100 Yycar080M 0a UHMEZPAA HA 0ECHO] cpane 06e jeORaKoCmU NoCmoju, je zenepa-
mpuca MOMeRaMa npomensuse X .

Ha ocuoBy Besa m3meby ¢yurmuja ¢ u M,
o(t) = M(it), M(t) = p(—it),

crenu ma ce m moMony reHeparpuce MOMeHATa MOTY HOOUTU MOMeHTH 3a X.
Hauwme, ako 3a caydajuy mpoMensmpuBy X HOCTOjU MOMEHAT pexa T, Taxa je

my = M™(0).

IIpennocr ¢(yHEMUja reHeparpuca je y TOMe MTO Cy peaJiHe (VHEIUjE, a
MPEeIHOCT KapaKTePUCTUYHUX (YHKOUja je y TOMe MTO He MOCTOju mpobiieM
KOHBEpTEHIj€e.




Henpeknnue pacnonene 11

11 Omnene mapamerapa

3a omeHy Hemo3HATOT HapaMeTpa HeKe pacHofese Ha OCHOBY IPOCTOT Y30pKa
(X1,...,X,) MOTY Cé KODUCTUTH DA3JIMYNATE CTATUCTUKE. Y HBUMA Ce JeCTO
M0jaBibyjy CTaHAapIHE CTATUCTUKE Kao MTO Cy:

1. y3opaura cpenuHa X, nm X Je(pUHUCAHA Ca

1 n

yn = 7ZX7,?

3

. —2
2. y3opaura mucuepsuja S, wiaz S HePUHUCAHA Ca

5 = (X, —X,)°,
1

n

S|

2

. —2
3. y3opaura gucnepsuja D, uan D nedunmcana ca

D, = (X; —m)?,
1

n

S|

(2

y ciIy4ajy na je MO3HATO MaTeMaTWUYKO OYeKMBaHme M IocMarTpaHe paclo-
neie,

4. MommuKOBaHA y30pauka mucmepsuja S mim S? meduHucaHA ca

n—1+4

~ 1 - — \2
i=1
5. y30pauyku MOMEHAT Yz wm X wu M, (r € N) mnepunucan ca
1 n
7T
X, == > X
i=1

Hapasno, Ba:kHO je 3HATU CBOjCTBa OIEHA.

JIBe OCHOBHe TeXHUKe 3a OIleHe IapaMerapa Cy MeToxa MOMeHara U MeTo-
Ia MakcuMaJiHe Bepogocrojuoctu. Merony momenara je yBeo Kapa Ilupcon
1894. rommue, a MeTOIy MakcuMaliHe BepomocTojHoctu Pumep 1912. romumne.
Metoma MmoMeHaTa je jeMHOCTaBHUja, a METOAA MaKCHUMAJIHE BEPOIOCTOJHOCTH
naje, mox onpeheHnM ycroBMMAa, aCUMIOTOTCKA Haje(pUKACHU]€E OLEHE.

11.1 CgsojcTBa omneHa

Heka je (X1,...,X,) npocr ciayudajan y3opak 3a obeneskje X u Heka je 6 Hemos-
HATU Mapamerap y paclomesi TOT obeleskja.
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Hedpumannuja 23 Cmamucmuka én je HenpucmpacHa oyena 3a napamemap 0 axo

~ ~

je E(0,) =0, a acumnmomceku nenpucmpacha oyena axo E(6,) — 0 xada n — co.

Y MecTo TepMUHA HEeNpuCTpacHa KOPUCTE Ce U TEPMUHU LEHTPUPAHA U HeMomepe-
Ha. OmeHa Koja HUje HempuUCTpacHa 30Be ce mpucrpacHa. Ha mpumep, crarwmc-
TuKa X, je HeIPUCTpAcCHA ONeHa 3a MAaTeMATUYKO OUCKUBAHE, CTATUCTHKA D2
je HempuWCTpacHa ONeHa 3a BapUjaHCY, JOK je CTATUCTUKA S- NPUCTpacHA U
aCUMITOTCKYA HEIPUCTPACHA OIEHA 3a BapPUjaHCY.

TepMUHe npucTpacHa M HenpuCTpacHa oleHa yBeo je Boymm?* 1897. ronume.

Cuenehe cBOjcTBO ce OHOCH Ha OACTyHAHmE Peajin30BaHe BPEAHOCTU CTa-
TUCTUKE O OYEKUBAHE BPEIHOCTU.

Jepunaunmja 24 Cmamucmuka 0, je nocmojana oyena napamempa 6 axo 0,, xon-
eepzupa y seposamuohiu ka 6, o0Hocko axo 3a ceaxo € > 0 saxcu

P{|6, — 0] > e} — 0 (n — ).

YMecTo TepMuHA MOCTojaHa KOPUCTe Ce U TePMUHU KOHSUCTEHTHa U CTabuiHa.
Ako je onena menpuctpacua u ako D(6,) — 0 kama n — 00, Taga je ouena 6,
crabmaaa. Ha mpumep, craructuke X, D2 u S2 cy crabuiHe onese.

Bume pasznuuurux, HEOPpUCTPACHUX W CTAOUIHUX OIEHA MCTOL IapamMerpa,
3a UCTU 00MM y30pKa, Mory ce ymopebusaru momohy cBojux aucmepsuja.
Hedumaunuja 25 Oyena é\je efuracruja 00 oyene 0 nenoanamoz napamempa 6

axo je D(6) < D(0).

Homy rpaHuny mucnepsnje HeNIpUCTpacHUX oneHa naje Pao-Kpameposa ne-
jemnakoct. OnenHa unja je aucuepsuja jedHaKa TOj DOH0j IDAHWNN je egukacHa
oyeHa. 3a aHAIM3Y OIEHE HUj€ MOBOJPHO 3HATU CAMO EHEHO OYEKUBAHE U [IUC-
nep3ujy, Beh tpeba oxpennT M mHeHY PACHOnENy.

11.2 Merona momeHaTa

Henpekunae pacnomesne cy, mox U3BBECHUM yCJIOBUMAa, onpehene cBojuM MOMeH-
trma. Ha mpumep, ako je 3a Hu3 MomeHaTa (m;) HaTe PACIOIENe UCIYHEH
Kapaemanos ycios

= 1
Z 1/2n = +oo,
n=1 2n

Taga MOMEHTHU jeqHo3HadHO onpebyjy Ty pacmomeny. CamuMm TuM, MO3HABAHE
MOMeHaTa je JOBOJLHO 3a Hajaskeme HeMO3HATHX mapamMerapa pacrojelie.

Axo cy memosnartu mapamerpu 01,05, ...,0,, 10BOWBHO je y3eru k MOMeHaTa
KOjU 3aBUCe O TUX mapamerapa. lIpermocraBumMo na cy To mpBux k MOMeHaTAa.
Y ToMm ciydajy MMaMO CUCTEM

mT:fr(Ol,...,Gk)7 T‘Zl,...,k’

koju oxpebyje Hemo3HnaTe mapaMerpe. MebhyTuMm, kako mapaMerpe OIeHYjeMo
Ha OCHOBY Y30DKa, YMECTO MOMeHaTa y3UMaMO y30payke MOMEHTEe U OHIa W3
HaBEIHOT CUCTeMa NOOMjaMo OlleHe HeMO3HATUX mapamMeTapa.

4 Arthur Lyon Bowley (1869 -1957) - enrsiecku ctaTucTudap
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Jedpunaunmja 26 Ouene napamemapa 01,...,0; no memodu momenama, Ha oc-
noay npocmoz ysopka (X1,...,X,) uz nexe pacnodeae, dame cy cucmemom

X, =f00,....00), r=1,... k.

IIpema Towme,

-~ ~ —2 —
0, =0;(Xn,X,,,....X,).
3a peanusoBaHU y30pak (I1,...,~T,) A00Ujajy ce KOHKPETHE OIleHEe HEMO3HATUX
mapameTapa.
I[Ipemnoct oBe Merome je jemHOCTABHOCT, a HemocTrarak je HeMoryhHoct
onpebuBama KBaJUTETa U MHTEPBaJa MOBEPEHA 3a NOOUjeHEe OIEHe.

11.3 MeTtonma MakcuMaJIHE BEPOIOCTOjHOCTH

Y 0oBOj MeToIu OlleHa 3a HEMO3HATHW mapamerap 6 ce y3mMma Tako Ja BepoBa-
tHOha peanmsanuje y3opra xi,Zs,...,T, oyne mHajseha. IlpermocraBumo na
je (X1,...,X,) npoct y3opak U3 Heke HeNDEKUAHe pacloiese 4duja TyCTUHA (
3aBucu on 0, ipu uemy 0 € © C R. Oyurnuja L nedpunucana ca

L(z1,...,20;0) = [ ] 9(2x:0)
k=1

IpeAcTaBba TYCTUHY PACIOIelie Y30PKa Kao ciaydajHor Bekropa. O63mpom ma
Cce peaym30BaHe BPEJHOCTU y30pKa KOHIEHTPUILY y ODJIACTU Y KOjoj pyHKNuUja
L mva Benmke BpenHOCTH, 33 OIEHY HEMO3HATOr IapaMeTpa Ce y3UMa BPeIHOCT
Koja MakcuMusmpa GpyHKIUjy L.

Jedpunaunmja 27 Ouena 0 odpebhena ca

~

L(Xy,...,X,;0) = meaxL(Xh...,Xn;H)

je ouena marcumaare sepodocmojrocmu. Pynxyuja L je dynxuyuja eepodocmo-
JjHocmu.

Axo je © orBopeH ckyn m ako je L mudepennmjabuana ¢yHrnuja no 6,
IIOBOJBHO je OJpennTU craluoHapHe Taduke (yHKUUje L m ymopemuru omro-
Bapajyhe Bpegaocru. ITomro ¢pyurnuje L u In L umajy mcre rauke MakcuMyMa,
OIleHA Ce YeCTO jeTHOCTaBHUje MOoOMja M3 jeTHAUNHE

OlnL
00 =0,

TO3HATE KAO JjefHaunMHa BepofoCTOjHOCTM. Y HEKUM CiIyvajeBUMa OHA MMa CaMo
jenHo pememe.

Teopema 9 Axo nocmoju efuxacna oyena napamempa 0, onda jeonawuna sepo-
00CMOJHOCTNU UMA JEOUHCTNBEHO Deeme.
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Merona MakcUMaJIHe BEPOJIOCTOJHOCTU MOKE Ce IPUMEHUTU U Y CIydYajy Ia
pacuofesa uMa BUIIE HEMO3HATUX napamerapa. Ako je g(x;6,...,0k) ryctuna
pacmnozese Koja 3aBucu ol nmapamerapa 6i,...,0, Taga je dpyHKROUja Bepomoc-
TOJHOCTHU JIaTa Ca

n
L(xy,...,xn;01,...,0,) = Hg($1;917---79k)~

=1

Axo ¢pysrumja L mva mapumjanue usBoge mo 6y,...,0, oneHa HEeMO3HATUX Ta-
paMeTrapa nobduja ce pellaBameM CHCTEMA
0

aeiL(xl,...,xn;ﬁl,...,Ok):(), Z:].,,k
OBaj cucTeM je yriaBHOM HeJWHeApDaH W Hajuellle ce pemaBa HYyMePUIKIM
MeToJaMa.

Ormene nobujeHe MeTONIOM MAKCUMAJIHE BEPOJOCTOJHCTU MOTY OUTHU U MPUC-
TpacHe 1 HeepuracHe. MeDhyrum, npm oxpeheHnM yciaoBmMa oleHe Cy acuM-
NTOTCKUA ePUKACHE U MMAajy aCUMIOTOTCKU HOPMAJHY DPACIOIEIy.

12 Tpanscdopmanuja cirydyajHe IIPOMEHJbUBE

Axo je mo3nara ¢yHEINUja pacnonesne Fx HempekuiHe ciydyajHe TpoMeHJbruBe X
u ako je f MoHOTOHA (QyHEKIUja, Tana je Y = f(X) rakohe menpernana cayuajue
MPOMEHJbUBA Urja ce pyHKNUja pacmomese jeqHoctaBHo oapebhyje. Y3 momatHm
ycioB mupepeHnujaburHocT GpyHrnuje f JIako ce HAJa3W U TYyCTHUHA CIydajHe
npomensmuse f(X).

Teopema 10 Hexa je Y = f(X) u nexa je f : R — R cmpozo monomona dugep-
enyujabuana gynryuja. Axo je h = f=! (uneepsna gynxyuja 3a f), mada je

gy () = gx (h)IW' ()], v € (a,b)
ugy(y) =0 sa z & (a,b), 20e je
a =min{f(-00), f(+00)}, b= max{f(-00), f(+0o0)}.

['yctuna cayuajue npomensmuse f(X) ce Moske onpenutu u ako je f meo mo
neo MOHOTOHa. Heka je g ¢cTpOro MOHOTOHa W qUupepeHNUjabUIHA HA UHTEP-
Bamuma Iy,..., I, u mexa je f; : I; — R 3a j =1,...k pecrpuknuja ¢pynxnuje f
Ha uHTepBaay I;. Tana je

Y = fi(X) + fo(X) + - + fro(X),

na OPUMEHOM OpeTXOoAHe TeopeMe Ha caydajue mpomensmuse fi(X), ..., fr(X)
nooujamo caenehe tBpheme.

Teopema 11 Hexa je Y = f(X) u nexa je h; = fj_1 saj=1,...,k. Taoa je

k
gv(y) =Y Fx (i) (y)].
j=1
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3a Halakeme MATEeMAaTUJYKOD OUeKMBama ciaydajHe npomenmuse Y = f(X)
HUje HEOOXOTHO 3HATU T'YCTUHY §y -

Teopema 12 Axo je Y = f(X), mada je
+oo
EW) = [ f@gle)ds
100 Ycaoeom 0a Ha8EIEHU UNHMEZPAA GNCONYMHO KOREEPZUPA.

12.1 TakujeBa Tpancpopmanuja

Anmepuurn craructuuap Taxu® je 1962. romuHe mpemIoKuIo TpaHcopMannjy

XA (1= X)X

444%4glﬂ N0
Y= X

In—> A=

"Tox 0

rzae je X ciaydajHa IPOMEHJbUBA Ca CTAHJAPAHOM YHU(POPMHOM PaclonesioM. 3a
onpebene BpenHoCcTH mapamMerpa A pacmonesia 1ob6po ampoKCUMUpPa HOPMAJJIHY
u CTyAeHTOBY pacmomedy.

12.2 Boxrc-Kokc Tpancpopmanuja

3a mosurmBHe caydajHe mpoMenmuBe Bokc® m Kokc” cy 1964. romwme yBean
TpaHchopMaNn]y KOjoM ce nodbuja mpubImKHO HOpMaJHa pacnogeiaa. Ako je X
MO3UTHUBHA CIydajHa IPOMEHJ/bMBA, TAJa CIyYajHa IPOMeHbuBa Y meuHUCAHA
ca

X1
vl AN#0
In X, A=0

3a MOrOAHO M3abpaHy BPETHOCT KOHCTAHTE A\ MMa TPUOJIMKHO HOPMAJIHY pac-
noJesy.

12.3 IloncoHoBe TpaHcdopManuje

Enrneckn crarucrugap Ilorcor® je 1949. romuwme mpemmioxmno TpascdopManuje

X = bl
a + nl—Y’

X =a+barcshZ,

rae je X caydajHa ONpOMEHJbUBA Ca CTAHAAPAHOM HOPMAJIHOM PACIIOHAEIOM.
Pacmougena cayuajue mpomensmsuBe Y je mosnara kao Llorconosa Sp pacmo-
neja, a pacmofelia clydajHe IpoMeHUBe Z Kao [lomcomosa Sy pacmomena.

5John Wilder Tukey (1915 -2000) - aMepuykn CTaTUCTAYAD
6George Box (1919 -) - eHryiecku cTaTUCTUYAD

"David Roxbee Cox (1924 -) - enrsecku craTucTryap
8Norman Lloyd Johnson (1917 -) - enrsiecku ctaTucTudap
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13 Monenupame CIIydyajHUX DPOMEHJBUBUX

Monpenupame HeMpeKMOHE CayvajHe TPOMEHJHUBE 3aBUCU O KaPaKTEPUCTUKA
BeHe pacnozesne. Y TPUHIUIY MOCTOje ONIITe MeTOe, KAo IITO Cy METOJa UH-
BepsHe ¢pyHKUMje, HojmaHoBa MeTofa 1 NpyTe, alll MOCTOje U CIeNU(UIHN ITOCT YN
MOJenupama 3a MOjequHe pAaCIoelie.

13.1 Metona nHBep3HE QYHKIHje

OBa MeTOma 3aCHMBa C€ Ha jeTHO] jeIHOCTABHO] YMELEHUIN: ako je X ciydajHa
MPOMEH/bUBA C HENPeKUAHOM 1 MOHOTOHO pacTyhiom ¢yHkumjom pacnogene F', cnyuajHa
npomeHnea Y = F(X) uma ynugopmny pacnogeny na (0,1). TIpema tome, pyHrnuja
pacmozese caydaje npomerssuse F1(Y) je F, ommocro X = F~1(Y).

3a resepucame BPEIHOCTU T CIydajHe NPOMeHbuBEe X MOBOJHHO j€ T€HEePU-
catu BpemHocT y u3 yuudopmue pacnogene U(0,1) u yzetu ma je x = F~1(y).
Ha raj mHauun ce npobieM CBOAM Ha NeHEPUCAHE€ BPEAHOCTHU CJIyvajHe TPOMEH-
JbUBE Ca YHU(YOPMHOM PaCIOLEJIOM, a 3a TO mocroje Behi rorose pyrusne y cBUM
CTATUCTUYKNM MPOTPAMCKUM MakeTmMa. 10 cy, 3ampaBo, ciyyajHu 6pojesu.

l'enmepucame pacmomene MeToqoM WHBep3He (YVHKIUje je, nakie, BPJIO jel-
HOCTABHO, aJi je MOTPEOHO Ja 3HAMO aHAJIUTUYKYA OOJIMK MHBEP3HE (YHKIH]E.
Mebhytum, y MHOrMM ciaydajeBuMa TO HHUje Moryhe mobutum. 360r Tora osa
MeTOJa He MOXKe Ja ce IPUMEHU 3a FeHepucame, Ha IpuUMep HOpMaJiHe, 0OeTa,
raMa Wil XU KBaAPAT PacCIoere.

MeTona ce MO:ke TPOMUPUTU HA CIydaj Kama je

n

g(z) = Z Prgr(T),

k=1

roe je p1 + -+ pp, = 1 U rme ryctuHaMa g, OAToBapajy (yHKIUje pacuomese
Fy (k=1,...,n) koje mMajy aHAIUTUYKA U3DPa3 38 MHBEP3HY QyHEKmAjy. Airo-
puraMm je tama ciaemehu:

1. Tenmepucaru cirydajae 6pojese y u u u3 yaudpopmue pacuomeae U(0,1).

2. Ogpenuru ungekc k 3a KOju Bayku

k—1 k
Y pi<u<) p
=0 =0

upu gemy je pg = 0.

3. Ysern na je z = F ' (y).

13.2 HojmanoBe meTone

HojMmanoBe MeTonme mim metofe npuxsaTamwa v ofbaymBara KOPUCTE Ce 3a Te€Hep-
ncame pacromese ca IYCTUHOM ¢ KOja je MO3UTUBHA HA UHTEPBAIY [Tmin, Lmax)-
YriaBHOM ce y BUMa KOPUCTH aJroOpATaM y KOjeM ce mpoBepaBa onpebheHm
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YCJIOB M 3aBUCHO Ol UCIyE-€Hha TOTr yciIoBa onpelheHa BpemHOCT ce MpUXBaTa
nian oxdamyje Kao ciydajaH Opoj M3 pacmogeiie ca TYCTUHOM (.

Jemra om TMx MeToma 3aXxTeBa MO3HABAKE CIydYajHe NPOMEHBUBE Y KOJY
3HAMO Ja T€HEPUINEeMO U 4YKja PACIOAesa UMa IyCTUHY h 3a KOjy BaxKu

h(z) <cg(z), = € [Tmin,Tmax)
3a HeKU peasiaH 6poj ¢ > 0. Merona Moxke ma ce omuiie cieaehuM aaropuTMoOM:
1. Heka je x remepucaHa BpPeQHOCT CiIy4ajHe OHPOMEHJbUBE Y .
2. Temepucaru ciaydajad 6poj u u3 yaupopmue pacuogere U(0, 1).

) g(x ) .
3. Axo je u < =, Tama je & TpayxkeHa BPEIHOCT CIIyYajHe HPOMeHbUBe X

ch(z)’

ca TyCcTMHOM ¢. Y TPOTHMBHOM, HOCTYIAK ce IHOoHaBsmba (ox 1. kopaka).

OBa MeTOda Ce€ 3aCHHMBa Ha YMHBHEHUINW Oa je

9(Y) / ’
P(v<a|usdil]) - d
( < < ) - 9(y)dy,
rae je U cayuajoa npoMmensuBa ca yaudpopmuoMm pacmnomenom U(0,1). Ocrame
Hojmanose metone cy mame uinu Behe Mmomuduranuje oBe uueje.

14 TecToBUu carJsiacHOCTU

3a recTUpame CarJlaCHOCTU PACIOAeIe IOCMATPAHOT 0belerkja ca IPEeTIOCTaB-
Jb€HOM DPACIOIEJIOM I[IOCTOjU BUIIE PA3JIWIUTUX TECTOBa. lecToBU ce MOry
TMONENUTA y ABE TPYyIe IpeMa TOMe [a JU PACIOgesa TEeCT CTATUCTUKE 3aBUCHU
Ol IPETNOCTaBJ/FEHE DACIOfese UAU He. Y NPBY rPYyNy chaznajy, Ha NpUMEp,
Annepcon’- IlapaueETOB TecT, pasHe Momudukanuje KoIMOTopoBmeBor TecTa
YEKOIHKO IIapaMeTpU IpPeTHOCTaBJbeHe pacHofele Hucy mosHatw, Ilammpo 0-
Buiakos'' Ttect. Y tecrose ciroGoxme on pacmozielne CIanajy, Ha mpuMep, llup-
conoB X2 tecr, Konmoroposmes'? tect, Kyunepos Tect. 3a Tecrupame mpu-
saroheHOCTHN OKaTaKa HOPMAJJIHO] PACIOAEIN TOCTOje jOIl U CIeNU(YUIHN TeC-
TOBU 3aCHOBAHU Ha opeDhemy eMInprjckux koepuiumjeHaTa aCuMeTprje U CIJbo-
HITEHOCTH ca oAroBapajyhuM koeduimjeHTHMa HOPMAaJIHE PACHOIEe.

14.1 ITIupconHOB TecT

HajoomymapHuju Ox TeCTOBAa CArTACHOCTH je X2-TecT Koju je yseo Ilupcon
1900. romuue. Tect mMma oOIMK

k 2
2~ (0 — E;)
X 727& :

i=1

9Theodore Wilbur Anderson (1918 -) - amMepuuku cTaTUCTUYAD

10Samuel Shapiro (1930 -) - aMepUUKM CTATUCTAUAD

HMartin Bradbury Wilk (1922 -) - amepuuku MaTemaTuaap

12 Aunpeir HukonaeBuu Kosmoropos (1903 -1987) - pycku mareMaTnyiap




18 Henperunue pacmnoneine

rne cy O; omncepsupane, a E,; ouekuBaHe (pekBeHIyje (IOX IPETIOCTABKOM
onpebene pacnogene) y uarepsamuma I; (1 =1,...,k), TakBum na je Uleli =R
n I;NI; = 0 3a i # j. Illpernocrasibajyhu HyaTy Xunoresy ma cy OLCepBUDPAHE U
O4deKknBaHe (pPEKBEHIUje CTATUCTUYKNA 3HAYAJHO HE PA3JIUKY ]y, TECT CTATUCTUKA
uma pacnozeny x2(k —p—1), rue je p 6poj olemeHnX napaMeTapa Ha OCHOBY
k omncepBUpaHUX BPEIHOCTU.

14.2 TecToBu KOjUMa ce Mopene €MIUPHUjCKA M TEOPHjCKa
¢yHEIDUja pacmomnese

Ha ocHoBy pasauke mameby emmmpujcke ¢yHKmmje pacuomemne F, (mpocror
caydajHOT y30pka Xi,...,X,) u Teopujcke (yHruuje pacuomere I tpeba Te-
CTUpaTHU HYJITY XUIOTe3y na obeaexje X mma pacmomeney F. Y Tect craTmc-
THKaMa ce y3uMmajy Heke GpyHEmuje pasznuka Fy,(x)— F(z) 3a © € R. Ha npumep,
TeCT cTaTuCcTUKa KOIMOropoBspeBOr TECTa je

Dy, = sup |Fy,(x) — F(x)],

TecT cTaTucTuka KymnepoBor Tecrta je

Vi = sup |Fo(2) = F(2)| — inf[F,(z) - F(z)],

JOK je TeCT CTaTUuCTUKaA (bOH MI/I3I/ICOBOI‘ TecTa
+oo
W, :/ (Fo(x) — F(z))?dF ().
—0o0

15 I'pa¢pmure MeTOne MCIMTUBaKHA CArJIACHOCTU

3a ucnuTHBamE CarJacHOCTA 00eJseskja ca MPeTIOCTaBILEeHOM PaCIIONeI0M TI0-
pel TecToBa KOPHUCTe ce W Ipapudke MeTole Kao INTO Cy AujarpaM KBaHTUAA
(Q — Q mujarpam) m gujarpam seposaTHoha (P — P mmjarpam) Koje ce 6asumpajy

Ha cTaTUCTUKaMa mopetka X (1), X(2),. .., X(n)-
Q — Q mujarpaum je ckyn Tauaka uuje cy koopaunate (X(;), F~'(p;)), rue ce
i—1/2 i i-3/8

3a p; y3UMa HeKa Ol BpeJHOCTU ,

- n+1,n+1/4,,IIOKjeP—P,lII/IjaI‘paM

CKyI TadJaka (pi7F(X(i))).

Y caydajy ma cy momany carijacHU ca IPeTHOCTaBHEHOM PACIOIEIOM, TAUKe
Q — @ mujarpama npubIMKHO npunanajy upasoj. Mcro Baxu u 3a P — P
nvjarpam.




OlIncC
PACIIOJIEJIA






1
APRYCCUHYC PACIIOJZIEJIA ASS1

(cranmapaua)
I'yctura
1 1
r)=— —, —-l<z<l
ITapameTpmu
Hema mapametrapa.
I'padpuk rycrune
25
2
1.5 *
1 L -
05F h
0 | | | | | | | | |
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
IIpaBe z = —1 m z = 1 cy BepruKauHe acuMOTOTE rpaduKa rycruHe.

21
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Apxkyccuryc pacnonena

$yHKITIja pacionesie

F(z) =

MomenTnu

por—1 = 0,

Hexka cBojcTBa

1. T'ycruna g je napHa GyHKOMja, 0pu 4eMmy je gmin = g(0) =

—arcsinz, —-1<z<1.
T

2K\ /1\
= _ [\/.

1
—

2. Hexa je X ciyvyajHa IpOMEH/bMBA Ca CUMETPUYIHOM I'yCTMHOM pPacIojelre.
Tana X nMa apkyCCHHYC PACHOJETIY aKO U CAMO aKO CIyYajHe IPOMEHIbUBE
X? u (1+ X)/2 umajy ncty pacnomery.

Bese ca npyrum pacmonenama

1. Ako X : U(—m,7), onga ciaydajue mpomensbube sin X, sin2X u — cos 2X
uMajy apkyccunyc pacmnonene ASST.

2. Ako X : U(—m,m)uY : U(—m,7) u ako cy X u Y He3aBucHe, Tama Ciy-
yajue npomenspuse sin(X +Y) u sin(X —Y') umajy apkyccunyc pacmnomnene

ASS1.




2
APRYCCHUHYC PACIIOIEJIA AS1(a)

(jemmomapameTrapcka)

I'ycTtuna

ITapameTpmu

a (a € R\ {0}) — mapamerap snokanuje.

I'pa¢uk rycrune

25

a=2

0.5

0 I I I I I I I I I
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 25

IIpaBe © = —2/a n ¢ = 2/a cy BepTUKAJHE ACHUMOTOTE TPAPUKa I'yCTHUHE.

23



24 Apryccunyc pacnonena

$yHKITIja pacionesie

MomenTn

2k
pok—1 =0, N2k:(k>b2k7 ke N.

Heka cBojcTBa

a
I'ycruna ¢ je mapHa QyHKRIUja, TPU YeMy je gmin = ¢(0) = |2—|
s

Bese ca npyrum pacmonesnama

AS1(2) = ASS1.




3

APRYCCUHYC PACIIOIIEJIA ASS2
(cranmapaua)

I'yctura

ITapameTpm

Hewma mapamerapa.

I'pa¢uk rycrune

35

05 ! ! ! ! ! ! ! ! !
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

IIpase £ =0 u x = 1 cy BepTuRamHEe acnMITOTE TPAPUKA T'yCTUHE.

25



Apxkyccuryc pacnonena

26

$yHKITIja pacionesie
2 .
F(z) = Zarcsiny/z, 0<z<1.
™

Kapakrepuctnuna ¢pyHKImja

o(t) = go ﬁ (2:) (i) = M (; 1,it) ,

rae je M(a,b, z) xumepreomerpujcka pynkmmja (Bumetn lomaTak).

MomenTn
(2!
My () reN
Crnenujanso:

S TS R SR
1_27 2_87 3_16’ 4_128

HenTpamaau MOMEHTU Cy HATH Ca

2r)!

[t (2r) r € N.

por—1 =0,  po, = T R

CHeHI/IjaJ'IHOZ
(X) 781 14 =155
p2=D(X) =2, pu= 198"

Koepunujerntn acuMmerpuje n CIJbOMITEHOCTU
m(X) =0, m(X)=-15.
Heka cBojcTBa
1. Tycruna ¢ je napHa GyHKIUja, IpU YeMy je gmin = g(1/2) = p
2. Ako X : ASS2, tana 1—X : ASS2.

3. Ako X : ASS2, rama 4(X —1/2)? : ASS2.

Be3e ca npyrum pacmonesamMa

1. ASS2 = B(1/2,1/2).




Apryccunyc pacnonenia 27

2
2. Aro X : ASS2, rana —arcsinvVX : U(0,1).
7r

3. Axo X : U(0,7), rama cos X : ASS2(—1,2).

2k—1 1

. X, : Bl ——,— =1,2,...
4. Aro Xy ( o ’2k> 3a k ;2,...,n, Tana

n 1/n
(H Xk> : ASS2.
k=1

IIpumena

Cnyuajau nponecu (BpayHoBo Kperame).

Hammomena

Pacnozeny je yseo Jlesu (Paul Pierre Levy, 1886-1971) 1939. roause.

T'enepucan.e

um
Ako je u cayuajam 6poj uz U(0,1) pacmonmene, taga je x = sin? o> cayyvajaH

6poj u3z ASS2 pacnonede.




4
APRYCCHUHYC PACIIOIEJIA AS2(a,b)

(mBomapameTapcka)
I'yctuna
1 1
== , <z<a+b
Y e ey = N
ITapamerpu

a,b (a € R, b>0) napamerpu nokauuje.

I'pa¢uk ryctune

25

|
-1 -0.5 0 0.5 1 1.5 2 25 3

0 | | | \

IIpaBe z = a u x = a + b cy BepruKagHEe acuMOTOTE IpaduKa I'yCTUHE.

28



Apryccunyc pacnonenia 29

dyHKIMUja pacmonesie

2 —
F(z) = —arcsin“gc—ba7 a<z<a+b.
T




5

BETA PACIIOIEJIA B,(a,b)

(mBomapameTapcka)
I'ycrmra
1 a—1 b—1
o) = ot - o<t
ITapamerpu

a,b (a>0,b>0) mapamerpu obiuKa.

I'pa¢ur ryctune

IMocroju BuIe KapaKTEPUCTUUHUX CAydajeBa 3aBUCHO OJ BPEAHOCTU MapaMe-
Tapa a u b.

2 2 2
a<1, b>1 a=1, b>1 a>1, b>1
1 1 1
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
2 2 2
a<1, b=1 a=1, b=1 a>1, b=1
1 1 1
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
2 2 2
a<1, b<1 a=1, b<1 a>1, b<1
1 1 1
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1

Axro je Dap jemaH on mapamMerapa Mamu oJ 1, rpaduk rycruHe HUMa OArO-
Bapajyhe BepTUKaIHE aCUMITOTE.

30



Bera pacnonena 31

Cuenehe nBe cimke TpUKa3yjy Kako ce Memha I'YCTUHA KaJll ce Mema jelaH o
mapameTapa, MoK je IPYTU (pUKCUpaH.

b=6 a=2
25} b=5 |

b=4
b=3

b=2

0.5 ]

b=2 a=6

251 a=5 R

a=4

a=3
a=1.2

a=2
a=1.5




32 Bera pacnonena

Ciuenehe nBe cimke pUKa3yjy Kako ce Mema I'YCTHHA Kaja Ce Memajy mapa-
MeTpu a m b y ciaydajy kanm je a = b.

3
a=b «——— 6
2_ L m
s 5
4
2r 3 i
2
1.5
151 b
1.2
1+ i
0.5
0 . . . .
0 0.2 0.4 0.6 0.8 1
3
25 a=b [




Bera pacnonena

Cuamuno npukasyjy u caenehe nBe ciauke, aau y Tpu AUMEH3Uje.

1.5

0.5

2.5

25

=15
()]

2.5




34 Bera pacnonena

$yHKITIja pacionesie

F(z) = = I,(a,b),

rae cy B, u I, senornyre Bera ¢ynrnuje (Bumetu JlonaTak).

Kapakrepuctnuaa ¢pyHKImja

a > (it)* a
(p(t):F(F(;r)b)Z(]? FF( + k) = M(a,a+ b, it),

prs (a+b+k)

rue je M xumepreoMerpujcka (yHKIT]a (BI/I,B;eTI/I I[o;[aTaK).

T'emepaTrpuca momMmeHara

it PRI
o =1+ 15
k=1 1i=0
MowmeHTnn
B —
m, = (a—l—r,b): ala+1)---(a+r—1) Crso.
B(a,b) (a+b)(a+b+1)---(a+b+r—1)
Cnenujanso:
m a — ala+1)
YTaty 7 (a+b)(atb+1)

HeHTpaJIHI/I MOMEHTMH:

B B ab B 2ab(b — a)
He = D(X) = @+b)2a+o+1) T @+rbpPla+o+Datbta)
- 3ab(2(a + b)* + ab(a + b — 6))
M ) at bt Datbr2)(atbt3)

Mon u menujaHa

a—1
1. Baa>1wub>1 pacnomena uMa MOI je THAK m,a3aa<lnb<1
a _
a—1
nuMa aHTUMOJ, jeTHAK ﬁ, mok3aa>1lub<l,raomzaa<lmu
a _

b > 1, He HOCTOju HU MOJ HU AHTUMOI.

2. 3a MemujaHy He IMOCTOJW jeTHOCTaBaH U3Pa3.
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KoedpunmujenTu acumerpuje U CIJbOMITEHOCTH

~2(b—a) Ja+b+1
m(X)ia—i—b—l—Q ab
3(a+b+1)(2(a+b)* + abla + b — 6))

abla+b+2)(a+b+3)

7T2(X) =

Omene mapamerapa

MeToga MakcumanHe BepoJOCTOJHOCTU

OueHe IIO0 MeTO A MaKCHUMaJIHEe BepO,HOCTOjHOCTH Cy:

a= L. 1= (1= X)(1 = X5)--- (1= X,)"

= 2 1— (X_ 1X2Xn)1/n _ ((1 _X1)<1 —X2><1 _Xn>)1/n’
=1, 1— (X1 Xp--- X,) /"

2 1 (X Xa - X))V — (1 X)(1— Xa) - (1= X, )™

Ipu YeMy je

@) ~ =D py MDD )
uzaa>2ub>2
o) ~ OB )

Metona momeHaTta

Ouene 110 MeTOIU MOMEHATA CY:

- My ~ 1— M,
a:(Ml—MQ)?, b:(Ml—MQ)T
Hexka cBojcTBa
1. 3a a = b rpajuk rycTune je cUMeTpWYaH y OJHOCY Ha mpaBy & = 1/2.

2. 3a cse Bpemmoctu mapamerapa je D(X) < 1/4. Cnemmjanmo, 3a a > 1 m
b>1jeD(X)<1/12,a3aa<lub<l1je DX)>1/12.

3. Ako X : Bs(a,b), omma 1 — X : Bs(b,a).

4. Bera pacmoieJsa je pacmoiesa CTATHCTUKA MOPETKAa 3a y30pak ca yHU-
popmuOM pacnomenom. Ako cy &1,...,&, He3aBUCHE CIIydajHE IPOMEHIbU-
Be ca U(0,1) pacnomenom u £(1),...,&(n) cratuctuke nopetka, onna &(k)
mvma Bo(k,n — k + 1) pacnonemy.
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Bera pacnonena

5.

6.

Aro X : By(a+b,c)mY : Bs(a,b) m ako cy X u Y HesaBucre, Tana
XY : By(a,b+c).

Axo X : By(a,b) mY : Ba(a+1/2,b) mw ako cy X u Y me3sasucue, Tana
VXY : By(2a,2b).

Bes3e ca npyrum pacmonesnama

1.

2.

10.

11.

12.

13.

14.

15.

X
. Axo X : Bs(a,b), Tana .

Bera pacnogmena je cnenmujaman ciydaj Ilupconose pacmomeise tuma 1.

Bs(1,2) m B3(2,1) cy Tpoyraone pacnogerne.

. B2(2,2) je mapaboauuka pacmnomesna.

By(1,1) = U(0,1).

. By(1/2,1/2) = AS2.

BZ(a’v b) = B4(a’a b7 07 1)

Arxo X : Bs(a,b), Tama eX mma mor-Gera pacmomery, omHOCHO Y HMa
qor-6era pacmogery ako InY : By(a,b).

uma IlmpconoBy pacnogeny rtuma VI mim

X
OeTa pacmomeny aApyre BpCTe.

Bs(a,1) je Tako3BaHa cTaHmapIHA CTEIEHA PACIOAEIA.
Axo X : Bs(1,b), ouma —In X : E(1/b).

Axo X : Bs(a,l), omma —InX : E(1/a).

Bs(a,a+ 1) je yommrena apkycCUHYC paclomesa.

Axo X : Gi(a), Y : G1(b) m ako cy X u Y me3saBucue, Tana

X
: B b).
X-|—Y 2(a7)
Axo X : F(m,n) Y—@& aaY'B(ﬁﬁ>
o ’ A T mx TR C P2\ )

Axo X : x*(m)m Y : x?(n) m aro cy X u Y mesaBucme, Tajia

X m n
:B(—,—).
X+Y 2272




Bera pacnonena 37

16. Aro X; : x*(n;) m ako cy X; u X; HesaBucHe 3a i # j, Tana

— - 152 1
i=1 . 1 1
: : Bg (2;171“21%).

ITpumena

Meteoponoruja, 6uosoruja, XuApOJIOrAja, KOMYHUKAIK]€, ONEePAIMOHA UCTPa-
KUBaBba, KIuMaToaoruja, bajecoBcka CTAaTUCTHKA, COJIAPDHO 3padvYemne.

Hammomena

Kako nocroju Besa usmehy Gera u rama ¢pyuruuje, rycruta pacunogeie Bs(a,b)
MOMKe J1a Ce M3Pa3u W IPEeKo rama (yHknuje Ha cienehu navwms:

g(x) = mm”‘l(l )7 o<z <1

T'emepucame

Axo je y cmyuajam 6poj u3 G(a) u z crayuajam 6poj u3 G(b) pacnomemne, Tana

je
)

y+z

1- =
Y+ z

a>b

xr =
a<b

ciyvajan 6poj us Ba(a,b) pacnoneue.




6

BETA PACIHOJIEJIA B,(a,b,c,d)

(ueTBOpOIApaMETAPCKA)

I'yctuna

ITapamerpu

a,b (a>0,b > 0) — mapamerpu obJIuKa,

¢,d (¢,d € Ryc < d) majmama u Hajseha BpemHocT ciydyajHe npoMeHILUBE.
I'pa¢uk ryctune

Kapakrepuctuunu ciydajeBu cy mctu Kao 3a Bs(a,b), camo mTo je ymecto
naTepBaaa (0,1) narepsan (¢, d).

c=1, d=4
2 2 2
15 15 15
1 1 1
0.5 0.5 0.5
01 2 3 4 01 2 3 4 01 2 3 4
2 2 2
15 15 15
1 1 1
0.5 Q 0.5 0.5
O1 2 3 4 01 2 3 4 01 2 3 4
2 2 2
15 15 15
1 1 1
0.5 U 0.5 0.5
01 2 3 4 01 2 3 4 01 2 3 4

38



Bera B4 pacnomena 39

MomenTu

da B ab(d — c)?
a+b’ bx) = (a+0b)2(a+b+1)

mip =c+
Koedpunmujentu acumerpuje U CIJbOMITEHOCTU

C2b—a) fatb+l
m(X)_a—HH—? ab

3(a+b+1)(2(a+0b)?+abla+b—6))
abla+b+2)(a+b+3)

7T2(X) =

Omene mapamerapa

Metoga makcrmanHe BepofoCcTojHOCTU

Ako cy mapamerpu ¢ u d TO3HATHW, OleHe 4 W b mMapamerapa a W b MeTOnOM
MaKCUMaJHe BEPOJOCTOJHOCTU AOOUjajy ce U3 CUCTeMa

n

~ X; —
Y@ - p@+h) = -y moi=C
i=1

P "4 X
O - p@+s) = -3 m
i=1

rzxe je 1 murama (GyHKIHja (BI/I,JIeTI/I I[oILaTaK).
MeTtoga momeHaTa

Onene @ m b MeTOnOM MOMeHaTa 3a Hemo3HaTe mapamerpe a u b (mox mper-
MOCTaBKOM ma Cy mapaMerpyu ¢ u d MO3HATH) Do0ujajy ce M3 cucreMa

Ml—C - Ei

d—c a+b

52 a ( a ) 1
o= (- ) ———
(d—c) a+b a+b) a+b+1

Hexka cBojcTBa

dla—1)+eb—1)

1. 3aa>1wub>1 pacnogena mvMa Mo jeHAK
a+b—2

Beze ca apyrumMm pacnomgesama

1. Axo X : Bs(a,b), tama ¢+ (d—c¢)X : By(a,b,c,d).




40 Bera By pacnomena

X
2. Axo X : By(a,b,c,d), rana : Bs(a,b).

ITpumena

Pacnmomena By(a,b,c,d) cuyxm 3a onmcuBame PasHMX MojaBa KOje ce KapakTe-
PUINLY CJIyYajHUM BeJUYMHaAMa UMje CYy BPeAHOCTU Y KOHAUYHOM MHTepBaay. Ha
IpUMep, CTeleH O0JIAYHOCTU ¥ METEOPOJIOrUjHU.

Hammomena

Kako nocroju Be3a m3mehy Oera 1 rama ¢pyHKOUje, rycTmHa pacnogene B4 Moxe
Ia ce M3pa3u U MpeKo raMa GpyHIUje Ha ciemxehnw HaUWH:
I'(a+0b) (x—c)* d—x)?

M=) @geret 0 CETEE




7

BETA TITPUM PACIIOIEJIA BP(a,b)

(mBomapamerapcka)
I'ycrura
1 Z.afl
x) = . , x>0.
9) = Bam) Tra
ITapameTpu
a,b (a,b>0) — napamerpu obuuxa.
I'paduk rycrune
2
a=1, b=5
18 / 1
a=0.1, b=0.5
1.6 b
14k a=0.5, b=0.5 a=1,b=4 4
1oL a=2, b=0.5 ,
a=8, b=5
1 L 4
0.8 b
0.6 B
0.4 b
0.2f i
0 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

41



42 Bera npum pacnognena

$yHKITIja pacionesie

F(z) = I;)(142)(a,b),

rae je I, HenmornyHa Geta Qyrruuja (Bumetu llomaTak).
Hexka cBojcTBa
1
1. Axko X : BP(a,b), onga 5 BP(b,a).

a—1
b+1"

2. Moayc pacmnozmede je jemHak

Bese ca npyrum pacmonesnama

1. Pacnogena je cnenmjanan caydaj Ilupconose pacnogene (tun V).

1-X
2. Aro X : Bs(a,b), onma : BP(b,a) n

e : BP(a,b).

X
1-X
3. Ako X : Gi(a)mY : Gi(b) m ako cy X m Y mesaBucme ciydajue

OPOMCHIBUBE, Taja — BP(a,b).

X2 Y?
4. Axo - Gi1(1/2)m - G1(1/2) m ako cy X u Y me3aBucHe cirydajue
2
IPOMEHJbUBE, TaIa

=5 BP(1/2,1/2).

Hammomena

Y JauTeparypu Ha €HIUVIECKOM je3MKy ce KopucTe u Hasusu beta distribution of
the second kind u inverted beta.




8
BPAJI®OPJIOBA PACIIONEJIA BR(a,b,c)

(Tponapamerapcka)

I'ycrura

a

9(x) = a(z —b) + (c—b)log(a+1)’ b<z<e

ITapameTpu

a (a > 0) — mapamerap obauka, b,c (b < ¢) — mapamerpu JoKauuje.

I'pa¢uk rycrune

43



44 Bpandopmosa pacnonena

$yHKITIja pacionesie

log (1 + asC — Z)
c—
F =
() log(a + 1)

, b<zr<e

MomenTu

a(c—b+logla+1)(c(a+1)—¢)

alog(a+1)
(c—b)?(a(log(a+ 1) — 2) + 2log(a + 1))
2alog*(a + 1) '

my =

)

D(X) =
Mo u memujaua

Mo(X) = b, Me(X) = %(b(a 4 1) =+ (c—b)VaFi)

Koe¢punujerTn acuMmerpuje n CIJbOMITEHOCTU

\[212a2 —9ka(a + 2) + 2k*(a(a + 3) + 3)
ala(k — 2) + 2k(3a(k — 2) + 6k)

o a?(k — 3)(k(3k — 16) + 24) 4+ 12ka?(k — 4)(k — 3) + 6ak?(3k — 14) + 12k3

m2(X) = 3a(a(k — 2) + 2k)2 ’

7'('1(X) =

)

rae je k =log(a +1).
Heka cBojcTBa

Keaprumu pacnonemne cy:

Q1 :é(b(aJrl)—ch(c—b){l/m), Qs = %(b(a+1)—c+(c—b)4 (a+1)3).
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BYPOBA PACIIOJIEJIA BU2(a)

(Tun 11, jemHOMApaMETaPCKA)

I'ycrura

ITapameTpu

a (a > 0) — mapamerap obJUKa.

I'pa¢uk rycruse

0.35

031 a=2

a=1
0.25

a=0.5

015 \

01

0.05[

45



46 Byposa pacnognena

$yHKITIja pacionesie
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BYPOBA PACIIOJEJIA BU3(a,b)

(Tun 111, TBOmapameTapcka)

I'ycrura

ab
g(x) = , >0
( ) .’L‘a+1 (1 +(L'_a)b+1

ITapamerpm

a,b (a,b>0) - napamerpu 06IHKA.

I'pa¢uk rycrune

25

a=18, b=0.04
a=10, b=0.1

a=15,0=0.2
a=18, b=0.1

0.5

47



48 Byposa pacnognena

$yHKITIja pacionesie

F(z)=(1+ x_“)_b7 x> 0.

a=2, b=1
0.9F J

081 4e2 b=05 1

ot 8 A

a=0.5, b=1
a=1, b=1
0.5F J

0.4 4
a=2, b=2

0.3 J
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BYPOBA PACIIOJIEJIA BU4(a,b)

(Tun 1v, mBomapameTapcCka)

ITapamerpnu

a,b (a>0,b>0) - napamerpu 0bGuHUEKA.

I'pa¢uk rycrune

a=2, b=2

a=2, b=0.2
0.8 J

a=2, b=0.5

0.4 i

0.2 q




50 Byposa pacnognena

$yHKITIja pacionesie

1/a\ ~°
F(x):(l-}-(a;x) ) , O<z<a
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BYPOBA PACHOJIEJIA BU5(a,b)

(Tun v, mBomapamMeTapcka)

I'ycrura

(@) ab 1+tan?x
g\r) = : ) -
etan T (1 + ae,tanm)b+1 2

]
3

<r< —.

[\

ITapamerpnu

a,b (a € R,b>0) — napamerpu o61uEKA.

I'pa¢uk rycrune

1.2 a=10, b=0.5

0.8
06

04

51



52 Byposa pacnognena

$yHKITIja pacionesie

I
—~
—
+
=)
®
|
)
=}
8
~—
|
|
S
A
8
A

0.8

0.7F

N

a=1,b=0.5

0.5

0.4

N

a=10, b=0.5

01}
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BYPOBA PACIIOJEJIA BU6(a,b)

(Tun vI, nBomapameTapcCka)

I'ycrura

g(x) = ab2 Chxebeha: (1 + ae*bsh;p)*bfl ’ —_—

ITapamerpu

a,b (a>0,b>0) mnmapamerpu obIuKA.

I'pa¢uk rycrune

0.45
04f
a=5,b=05
035 /

a=10, b=0.1
0.3

0.25

a=10, b=0.5

0.2

0.15

0.1

0.05

53



54

Byposa pacnoznena

$yHKITIja pacionesie

F(z)=(1+ ae_bs'””)_b, r € R.

0.9F

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

a=10, b=0.1

N
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BYPOBA PACIIOJIEJIA BU7(a)

(Tun vII, jemHOMApaMeTapCKa)

I'ycrura

11 ¢
g(x) = —a(tanhx — 1) (2 + 2tanhx> , x€R.

ITapamerpu

a (a > 0) - mapamerap obIHUKA.

I'pa¢uk rycrune

0.7

55



56 Byposa pacnognena

$yHKITIja pacionesie

F(x)=2""(1+tanhz)", x€R.
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BYPOBA PACIIOIIEJIA BUS(a)

(Tun vIII, jeqHOnapameTapcka)

I'ycrura

2\ @ W
glx) = (71-) . % -(arctane®)*™',  z € R.

ITapamerpu

a (a > 0) — napamerap obimKAa.

I'pa¢uk rycrune

0.4

a=2
L ~a
0.35 as

a=1

0.25[

a=0.5

0.15

0.05[

57



58 Byposa pacnognena

$yHKITIja pacionesie

2 a
F(x) = < arctan e””) , T€ER.
7r
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BYPOBA PACIIOJEJIA BU9(a,b)

(Tun 71X, ABOomapameTapcka)

I'ycrura
(1+ e“)b_ !

, T €R.
(a(1 + e*)b — a +2)?

g(x) = 2abe” -

ITapameTpm

a,b (a>0,b>0) — mapamerpu obsuKa.

I'pa¢uk rycrune

0.25

a=5, b=0.5

a=1,b=05
02F
a=15, b=0.1 /

0.15 \
a=10, b=0.1 ~

0.05

59



60 Byposa pacnognena

$yHKITIja pacionesie

0.9F

a=b, b=0.5

071

0.5 a=15, b=0.1

0.4

a=10, b=0.1

‘\ ]

a=1,b=05

0.3

0.2

0.1

-5 -4 -3 -2 -1 0 1 2 3 4 5
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BYPOBA PACIIOJIEJIA BU10(a)

(Tn X, jemHomapameTapcCka)
I'ycrura
2 2\ a—1
g(x) = 2aze™" (1 —e " ) , x>0.

ITapamerpu

a (a > 0) — napamerap oOJIUKA.

I'paduk rycrune

a=0.5 a=2 a=5

61



62 Byposa pacnognena

$yHKITIja pacionesie

F(z) = (1- e‘i‘z)a, x>0,
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BYPOBA PACIIOJIEJIA BU11(a)

(Tun X1, jemHOmapameTapCKa)

I'ycrura

1 a—1
g(z) = a(l — cos 2mx) <x - 251n27rx) , O0<z<l
™

ITapamerpu

a (a > 0) — napamerap oOJIHKA.

I'pa¢uk ryctune

63



64 Byposa pacnognena

$yHKITIja pacionesie

1 a
F(x) = (x—%sin%m:) , 0<z<l.
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BYPOBA PACIIOJEJIA BU12(a,b)

(Tun X711, mBOmapameTapcka)

I'ycrura

abxe~!
g(l’) = m, x> 0.

ITapameTpm

a,b (a>0,b>0) — napamerpu obauKa.

I'pa¢uk rycrune

o9l a=15, b=0.1 |
a=5, b=0.5 /

08F 1

07 \

a=10, b=0.1

0.6

0.5

0.4

0.3

0.2

0.1

65



66 Byposa pacnognena

$yHKITIja pacionesie

Fz)=1—(1+z9", z>0.

09+ a=15, b=0.1

08}
o7l a5.b=05

0.6 \

05F

0.4} \

a=1,b=0.5
0.3

N

a=10, b=0.1

0.2

0.1

Omnene mapamerapa

Axo je mapamerap @ nosmar, ounena b mapamerpa b MeTOZOM MaKCUMAJIHE
BEPOJOCTOJHOCTHU JATa je ca

n

> In(1+ Xp)
k=1

Bes3e ca npyrum pacmonesama
1. Ako X : BU12(a,b), rama In(1+ X*) : E(1/b),

2. Axo X;,...,X,, : BU12(a,b) u ako cy Xi,...,X, HesaBucHe ciydajHe
OpPOMEHJBUBE, Tala

zn:ln(l +X7) : Ga(n,1/b).
k=1
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BEJBYJIOBA PACHOIEJIA W,(a)

(jemmomapameTrapcka)
I'ycrura

g(z) = ax® texp {2}, x>0.

ITapamerpu

a (a>0) napamerap oOJUKA.

I'pa¢uk rycrune

a=5

a=05 /

1 a=0.1
0.8}
0.6

a=2
041 /
a=1

0.2 /

0 | |

0 05 1 15 2 25

67



68 Bej6ynosa pacnonena

$yHKITIja pacionesie

F(z)=1-exp{—z*}, x>0.

MomenTnu

Cunenujastso:

Henrpaaaun MoMeHTH:

ug—r(u?’)3r(1+2)r<1+1>2r3(1+1),

a a a a

M4=r(1+4)—4r <1+3>F(1+1>+6F (1+2> I? (1+1)—3F4 (1+1>.
a a a a a a

Mon u menujana

a—1 1/a
( > , a>1
Mo(X) = a

0, 0<a<l1

$yHKITIja BEPOMOCTOJHOCTU

L=a"(X; Xo-- ) escp{ ZX“}

InL=nlna+ (a— I)XZIHX;€ —ZX,‘;.
k=1 k=1

Omnene mapamerapa

MeTo,qa MaKCcrMaJlHE BepO,qOCTOjHOCTI/I

Kako je

InL n
= +Zlong — klek In X},
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olleHa @ 3a MapaMerap a Ho0Uuja ce U3 jeaHadnHe

1o - 1 1<
— CLl _— = — .
n§ X2 In Xy, - n§ In X},
k=1 k=1

Metona momeHaTta

Omnena a mapamerpa a, IO METOOM MOMeHaTa, nobuja ce uz My = my, OOJHOCHO
U3 jeTHAYUHE

1 —
a

unu u3 Ms = mo, OMHOCHO U3 je AHAUWHE

1 1 —
rf2+=)==-9% x2
(3) -2

Hexka cBojcTBa

. Koepunujeur sapujanuje je C, =

JG(+2) -6z (1+1)
G(1+12) '

. 3a a > 3.6 pacnozgesa je MO3UTUBHO aCUMETPHUUHA, a 3a a < 3.6 HeraTUBHO

aCrUMEeTpUYHa.

. 3a a = 3.6 pacnogena je npubmmwkao HopMmaaHa (11 (X) = 0).

. 3a Benuke BpenHocTu napamerpa a (¢ > 100) pacnogena je IpUOIMKHO

cumerpuuta (71 (X) — 0 (a — 00)).

. 3a a = 2.25u 3a a = 5.83 CIVBOIMITEHOCT paCHOLENe je CINYHA CIJhOIITEe-

HocTH HOpMadtHe pacnozeine (ma(X) =0).

. Axo ¢y Xi,X1,...,X,, HesaBucHe cayuajoe npomenmuse u X; : Wi(a),

taga Xmin : Wi(an=1/").

Bese ca apyrum pacmomesnama

1.

2.

Wi(1) = E(1).
Wi(a) = Wa(a,1).

Wi (a) = Ws(a, 1,0).

Wi (a) = Wa(a,1,0,1).

Axo X : Wi(a), Tama bX : Wa(a,b).
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6. Ako X : Wi(a), rama bX +c : Ws(a,b,c).

X —c

b
8. Aro X : Wi(a), Ttama X : E(1).

7. Axo X : Ws(a,b,c), Tana

. W1 (CL)

Hammomene

1. Pacnoznena HOCM Ha3WB IO IIBEICKOM WH:KeHmepy U ¢usndapy Bejoyiry

(Waloddi Weibull, 1887-1979).

2. 3a pacmogesy ce KOPUCTU U Ha3uB Ppeweosa, MO (PAHIYCKOM MaTeMaTH-
gapy (Rene-Maurice Frechet, 1878-1973), kao u I'HegeHko-Bejynosa (Bopuc
Baramuvuposuu ['menenko, 1912-1995 — pycku mMaTemMaTudap).
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BEJBYJIOBA PACHOJEJA Wy(a,b)

(mBomapamerapcka)

I'ycrura

ITapameTpm

a (a > 0) — napamerap obmuka, b (b > 0) — mapamerap crammpama.

I'paduk rycrune

b=2

a=0.1

a=2

a=0.5

a=1

05 / a=-5 |

71



72 Bej6ynosa pacnonena

$yHKITIja pacionesie

F(z)=1 fe:cp{f (g)a}, x> 0.

b
Eurponmuja
meo=o(1- 1 (2) s (2)
a a
MomenTn;
m, =0T 1—&—2)7 r>0
a

Cnenujanto:

0, 0<a<l1

KoepunujerTn acumerpuje n CIJbOMITEHOCTU

F(1+ %) b3 —3myo? —m3
3 )

m (X) =
o
_ bir (1 + %) —30* —dmodmy — 60%m? — mi

7T2(X) 1 5

g

rme je o2 = L.

$yHKITIja BEPOAOCTOJHOCTH

L:;w(Xl'X2"'Xn)a_1€xp{— (b) }7
1
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n 1 n "
1nL:nlna—nalnb—|—(a—I)I;IHXk—bfa;Xk-

Omene mapamerapa

MeToga makcumanHe BepoJoOCTOJHOCTU

Ouene @ u b HenosHaTUX Napamerapa a U b mobujajy ce U3 cucreMa

Lo 1/a
7~ [Lyoxs
k=1
1 I rey Xfln X
a n: >k—1 X
IIpu Tome je
0.608 ~ 1.109 b2
D(@) ~ ——a? D)~ —=.—.
@~=""a, DE)~ ==

Metona momeHaTta

Ouena @ 3a mapamerap @ MO)ke na ce nobuje u3 m3pasa 3a KOe(PUIMjeHT Ba-
pujaunuje, a onena b napamerpa b u3 uspasa 3a HPBU MOMEHAT. Y TOM CJIyd4ajy
a je pememe jenHavnHe

(o) () =r 1)

7 o X
a _]e 1aTO Ca = F(1+1/a)

Hexka cBojcTBa

\/G(1+§)—G2(1+§)
G(1+1)

1. Koedpurnujent Bapujanuje je C, =

2. 3a a > 3.6 pacnomea je MO3UTUBHO aCUMETPUUHA, a 3a a < 3.6 HeraTuBHO
acUMeTpUYHa.

3. 3a a = 3.6 pacnozena je npubmwkao HopMasnHa (71(X) = 0).

4. 3a Benuke BpenHoctu mapamerpa a (¢ > 100) pacnomena je IpUGIIKHO
cumerpuuta (71 (X) — 0 (a — o0)).

5. 3a a = 2.25 n 3a a = 5.83 CHJBOIITEHOCT pacHoese je CINYHA CIJHOIITe-
HocTM HOpMasHe pacrozerne (my(X) = 0).

6. Axo cy X1,X;,..., X, HesaBucHe ciayuajue npomensuse u X; : Wa(a,b),
tama Xpmin : Walan™1/™b).




74 Bej6ynosa pacnonena

7. 3a a < 1 pacmogena mva mony x =0, 3a a > 1 mma mony = = (1—1/a)/?,
a 3a a = 1 pacrmonena je eKCIOHEHIINjaJTHA.
Be3se ca npyrum pacriomgesaaMa
1. Wa(1,b

)
2. Wg(a, 1) = W1
)

5. Wa(2,v2¢) = R(c).
6. Axo X : Wi(a), tama bX : Wa(a,b).

7. Axo X : U(0,1), rama b(—In X)¥* : Wa(a,b).

IIpumena

MeTteopooruja, Teopuja Ioy3IaHOCTH, KOMYHUKAIV]je, KINMATOIOr]a (Ha IpUMep,
Op3uHa BeTpa)

T'enepucan.e

Axo je u caydajan 6poj w3 U(0,1) pacmogene, rana je = b(—Inu)'/* caygajam
6poj uz Wa(a,b) pacnonemne.




22
BEJBYJIOBA PACHOIEJIA Ws(a,b,c)

(Tponapamerapcka)

I'ycrura

ITapameTpm

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap cragupama,

¢ (¢ € R) — mapamerap Jokanmje.

I'pa¢uk rycrune

b=2, c=1

a=0.5 a=12

05F B
a=b

75



76 Bej6ynosa pacnonena

$yHKITIja pacionesie

F(x)—l—exp{— (x;6>} x> e

MomenTnu

HeHTpaJIHI/I MOMEHTMH:

ugzD(X):bQ(F(l—i—Q)—FQ(l-i-l

a

u3:b3(1“<1+3>—3F<1+2>G<1+1>—2F3
a a a

I a4(F<1+4>4F<1+3>F<1+1

a a a

2 1
+6F<1+>F2 1+>—3r4<1+
a a

Mon nu memujana

)

[ = PN

)

1 1/a
c+b<a ) , a>1

c, 0<a<l1

, Me(X) = ¢+ b(In2)"/.

KoepunujerTn acumerpuje n CIJbOMITEHOCTU

7T1(X)

7

() (e YT LT (143
) (C(+2)-12(1+4)"

)= IO HOTT (L D) —ar (L )T () 1T (1 )
2 T+ D) -T2 |
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dyHKIMMja BEpOIOCTOJHOCTU

S

InL=nlna—nalnb+ (a — 1)Zln(Xk —¢)— Z <Xkb— c>

k=1 k=1

Omnene mapamerapa

MeTo,qa MaKcrmMalJliHe BepO,qOCTOjHOCTI/I

Kako je
JdlnL - "Xy -\ Xi—c
5 = —nlnb—Zln(Xk—c)—Z< ; )1 —
k=1 k=1
OlnL an a n “
Rl Sl oD DL G
OlnL 2 1 1~ /X, —c\*
oe —(a-1) Xkc+bz( b )’
k=1 k=1

olleHe d, b u C Hello3HATUX HapaMeTapa a,b u ¢ 1obujajy ce peliaBamheM CUCTeMa

" 1/a
~ 1 s
b ()

- lanlnXkc+lzn:( A)a X:E,
k=1 nk:l b

n n

;Xk—ca = Cl—l kz::le /c\

Q)

Y ciaydajy kKaza je mapamerap ¢ MO3Har mpoMeHmmBa Y = X — ¢ mMa aBomapa-
MeTapcky BejbymoBy pacnomeny, ma ymecto Xi,Xo,...,X, Moxke ma ce ysame
y3opak Y7, Ya,...,Y,. Tana je

n a—1 a
L(Y177ana'ab):HlZ(};k) eXp{— <1;k) }7

ma ce oleHe nobujajy m3 cucrema

Q)| = )
I I
| T
Sl= 3|~
NgERANGE
= 5
o~
+ >
|
)
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MeTtoga momeHaTa

Axo je mapamerap c mo3HAT, OlleHe 3a mapaMmerpe a 1 b nodujamMo Ha OCHOBY
y3opka Yi,...Y, kao y caydajy pacnomene Wa(a,b). Axo mapamerap ¢ Huje
IIO3HAT, OHJA ONeHa (4 mapaMeTpa a Moe Ja ce nobuje u3 m3pasa 3a p3/o>, a
omnene b u ¢ mapamerapa b u ¢ cy Tana mare ca

i N o
s o)

Hexka cBojcTBa

1. KBapTunu pacnomene cy

1/a
Q1 :c—l—b<ln3> . Qs =c+b(loga)t/e,

b\/G(1+§)—G2(1+5)
c+bG(1+1)

2. Koeduuujenr Bapujanuje je C, =

3. 3a a > 3.6 pacmogesia je TO3UTUBHO ACUMETPUYHA, a 3a a < 3.6 HeraTuBHO
aCUMeTpUYHA.

4. 3a a = 3.6 pacnogena je npubamwrno mopmamra (11 (X) = 0).

5. 3a Benmke BpenHocTn mapamerpa a (a > 100) pacmomena je TpUGAMKHO
cumerpuuna (71 (X) — 0 (a — o0)).

6. 3a a =2.25 u 3a a = 5,83 CIJBOIITEHOCT PAaCHIoOIesie je CIUYHA CIJbOIITEe-
HOCTH HOpMasHe pacnogene (ma(X) = 0).

7. Ako X : Ws(a,b,c), omma X —c¢ : W3(a,b,0).
8. Axo cy X1, X;,..., X, He3aBucHe cayuajue npomenmuse u X; : Ws(a, b, c),
Taga Xmin : Wg(anfl/”, b, c).
Be3e ca npyrum pacmonesama
1. Ws(a,b,0) = Wa(a,b).
2. Ws(a,1,0) = Wi(a).
3. Ws(a,b,c) = Wy(a,b,c,1).
4. W5(1,b,0) = E(b).

5. Wg(l, b, C) = Eg(b, C).
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6. Ako X : Wi(a), Tama ¢+ bX : Ws(a,b,c).

X— a
7. Axo < 2 c) : E5(1,0), rana X : Ws(a, b, c).

8. W3(2, \/EU, C) = RQ(C, O’).
9. W(2,v20,0) = Ry (o).

X - B(X)

10. Axo X : W(a,b,c), Tana cranmapausoBaHa ciIydajHa OIPOMEHIHUBA
o

3a a € [2,6] mma npubmmwrro pacnonery N(0,1).

T'erepucame

Ako je u ciaygajam 6poj m3 U(0,1) pacnomene, tana je © = ¢+ b(—Inu)/®
cayuajan 6poj uz Ws(a,b,c).
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BEJBYJIOBA PACIOIEJIA W,(a,b,c,d)

(ueTBOpOIApaMETAPCKA)

ITapamerpu
a,d (a,d > 0) — napamerpu obauka, b (b > 0) — napamerap craaupama,
¢ (¢ > 0) — mapamerap noranmje.

I'pa¢ur ryctune

1.5

: ———b=2, c=1, d=2

| - -b=2,c=1,d=0.8

80



Bej6ynosa pacnonena 81

dyHKIMUja pacmonesie

F@y—ﬂ%r<¢(%fjv, z>c,

rae je I'(d,t) memornyna Iama ¢yrrumja (Bumetn lonarak).

MomenTu
_ ~ (1\ & i L(d+7/a)
mr—k_o(k>bc (@) r>0
CuenujaJHo:
I'(d+1) ) F(d+2%) ,T(d+32)
— N a/ — 2 a a
mi=c+b O mo = ¢” + 2bc T{d) +b O
I'(d+1/a) (d+2/a) 3T(d+3/a)
_ 3 b 2 b2 bd
msg = ¢ +307F(d) + 3b“c T(d) T(d)

Bese ca npyruMm pacnonesamMa
1. Wy(a,b,c,1) = Ws(a,b,c).

2. Wy

X —c¢
b

7. Axo X : Wy(a,b,c,d), Tana ( > : G1(d) u obpHyTO.

8. Wi(1,X,0,1) = E(\).
9. W4(1, /\7 C, 1) = EQ()\,C).

10. W4(2,2,0,v/2) = x2.

Hammomena

Pacnonena je mosnara m rkao yommreHa ['ama pacnonena.
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BEJBYJIOBA PACHOJEJIA WN(a,b,c)

(meraTuBHA, TpOIApaAMETAPCKA )

I'ycrmra

ITapamerpu

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap craaupama,

¢ (¢ € R) — mapamerap Joranmje.

I'pa¢ux ryctune

82
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BEJBYJIOBA PACIIOIEJIA W D(a,b,c)

(mBOCTpaHa, TpomapamMeTapCKa)
I'ycrura

xr—cC

b

r—cC

9() =5 |1

20

}, x € R.

a—1
exp{

ITapameTpm

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap cragupama,

¢ (¢ > 0) — mapamerap JoKanmje.

I'pa¢uk rycrune

b=2, c=1
09F B
08 a=10 1
a=0.8 \
07k ~ 1
0.6 1
05F B
0.4} a5 .
/ a=1
0.3 a=2 i
021 1
01F N
0 | |
-2 -1 0 1 2 3 4
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BEJBYJIOBA PACIIOJIEJIA W E(a,b,c)
(ekcnOHEHIMjaIHA, TPOIAPAMETAPCKA)

I'yctuna

( ){ bexp{-bzx}, 0<z<cg,
= (b+ab®(z — ) ) exp{—bz — (b(z — ¢))*}, x> ¢

ITapamerpu

a > 1) — mapamerap obauka, b (b > 0) — mapamerap crammpama,

—

(¢ > 0) — mapamerap JOKaIuje.

I'pa¢uk rycrtune

14
c=1
12F B
N
! a=2, b=1 1 a20,b-1 1
|
I
I
(!
08f ) .
I
a=2,b=05 -
(I
0.6 [ J
a=10, b=1 L7\
Y
\ l \|
/l ]
041 Y | B
N e ’L/\ i
< ! AL
S~ / )
< i
\
02f / Sl " 4
- |
\
a=2,b=0.3 a=5, b=1 \ 'y
(A
0 | | | | ST
0 05 1 1.5 2 25 3



BejbynoBa excnonennujansa pacmonenia

85

dyHKIMUja pacmonesie

1 — exp{—bz}, r<c
1—exp{-bx—(b(z—¢)}, z>c
1
09F o |
a=2 \
08} \ a=10 |
0.7F q
06 J
051 b=t 1
c=1
0.4 4
0.3 . ‘
0.5 1 1.5

25
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BEJBYJIOBA PACIIOIEJIA WU/ a,b,c)

(yommrena TponapameTapcka)

ITapamerpu

a,c (a,c > 0) — mapamerpu obmuka, b (b > 0) — mapamerap ckamupama.

I'pa¢ur ryctune

25 <
// !
J \
ol beos
| \ =U. - a=c=1
[ 1/
| | J
2 [ | - -a=c=2
| |
| \
| |
Ib=05 |
|
15F ! i
| // \\ \ b=
! \
| / 1 \/
| L1
/ | \
! b=1 \ b=2
1 ! ¢ | \ i
| AT H b=2
| \ N
| // ’ ‘ \\
I | \ \
/ /
J ! // { \\ \L
| ) —_—
R / D N b=5 B
0'5 J/ / 1// \ \ \\
! ; b=5 7\ \ ~
[ 7 \ \ S
. \
1. \ \ \ RN
I \ S T~
1,7 3 ~ -
s ~ ~ -
i, \ N N ~ —
0 ! \ ! N ! =
0 0.5 1 1.5 2 25 3
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Bej6ynosa yonmrena pacnomnena

87

dyHKIMUja pacmonesie

F(x)=1—exp {cb (1 — 6@/1;)@)} , x>0.
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BEJBYJIOBA PACIIOIEJIA WEX(a,b,c)

(ekcnOHEHIMjaIM30BaHa, TPOIapaMeTapcKa )
I'ycrmra

=2 (1o (- G) Y Q) Nen{- ()} o

ITapamerpu

a,c (a,c > 0) — mapamerpu obauka, b (b > 0) — mnapamerap ckajJupama.
I'pa¢uk ryctune

1.5
b=2 —c=1
/7 --c=2
! \
1 \
/ \ a=5
9 ; \ J
, \/
\
a=b /’ \
/ \
\ / \
I \
i \
/ \
a=1 ! \
= a=2 / !
05 I \ J
\ R U
Z Q a=2
Ve w
- \ \\ /
/ \ ~
_ L= 7/ - \ \\
P4 T - ~
-7 / / \‘\\ - ~
e s ; T~
Ad s / DN,
/ e ! a=1 \ =
0 o e | | | X !
0 0.5 1 1.5 2 25 3
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BEJBYJIOBA PACIIOIEJIA WM/ a,b,c)

(MomupuKOBaHA, TpOMApaMETapPCKA)
I'ycTtuna

g(x) = b((a + cx)z* texp {cx — bx®e™}, x> 0.
ITapameTpmu

a (a > 0) — mapamerap obauka, b,c (b > 0,¢ > 0) — napaMeTpu CKaJgupama.

I'paduk rycrune

351 i

a=2

c=5

/ b=1
3r i
251 B

=2
2+ / J
15F ol 1
1+ i
c=0
05F B
0 | | | 1 1 |

0 0.2 0.4 0.6 0.8 1 1.2 14 16 18 2
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BEJBYJIOBA PACHOIEJIA WZ(a,b,c,a.3)

(3aceuena ca obe cTpane, meTonapamMeTapCka)

I'yctuna
a—1 a
(x) = ¢ R ex — a<z<f
g b (e—(@=a/D" — (G=a/07) \ b P b ’ '
ITapamerpu

a (a > 0) - mapamerap obauka, b (b > 0) - napamerap ckaaupama,

¢, a, 3 (¢ < a< f) - napamerpu JgoKanuje.

I'pa¢ur rycrune

15 T
b=2, c=1, a=1.5, =3.5

051

90
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BEJBYJIOBA PACHOIIEJIA WZL(a,b,c,a)

(3aceuena ca seBe cTpaHe, YeTBOPOMApaMETaPCKA)

I'ycrura

ITapameTpm

a (a > 0) - mapamerap obauka, b (b > 0) - napamerap ckaaupama,

¢, (¢ < @) - mapameTpu JoKammje.

I'pa¢uk rycrune

b=2, c=1, 0=1.5

a=8

=2
& a=5
05F \ / b

a=1
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BEJBYJIOBA PACIIOIEJIA WZD(a,b,c,/3)

(3aceuena ca mecHe cTpaHe, YeTBOPOIIApAMETAPCKA )

I'yctuna
a z—c\*! r—c\*
9@) = p ey ( b ) e”’{( b ) } c<z<p
ITapamerpu

a (a>0) mapamerap obmmka, b (b >0) napamerap cragupama,

¢, B (¢ < B) — napamerpu JoKauuje.

I'pa¢ur rycrune

15

b=2, c=1, B=35

a=8

a=5

92
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T'AMA PACHOIEJIA G, (a)

(jemmomapameTrapcka)

I'ycrura
l,aflefa:
= >
ITapameTpu
a (a > 0) - mapamerap obIHuKA.
I'paduk rycrune
a=0.5
05F
/ a=1
041 / a=2
a=2.5
0.3F /
a=3
4/
0.2} 7=5 a=10
0.1
0 1
0 2 4 6 8

93
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94 Tama pacnonena

MomenTu

CuenujastHo:
m; =a, mey=ala+1), mg=ala+1)(a+2),

my = a(a+1)(a+ 2)(a+ 3),
po =D(X)=a, pz=2a, pu=3a’+6a.

Koedpumujentu acumerpuje u cJbOIMITEHOCTH

7T1(X) =

7T2(X) = g

2
a
O1nene mapamerapa

MeToga makcumanHe BepofoCTOjHOCTU

Omnena @ 3a HENO3HATH IApAMETAP @ j€ PEHleHe jeTHAYNHE
1 n
Y(a) = — E In Xy,
n
k=1

rae je ¢ gurama Qymknmja (Bumetu lomaTak).

MeTtoga momeHaTa

Onena @ 3a HENO3HATU IapaMeTap @, 0 METOIU MOMeHaTa, maTa je ca a = X
npu yemy je Fa =a u Da= —.

n
Hexka cBojcTBa

1
1. Koedpunujent sapujanuje je Cy(X) = —.

\/a
2. Ako X : G1(a), Y : G1(b) m ako cy X mn Y HesaBuUCHe ciyuajHe TPOMeH-
muBe, tana X +Y @ Gi(a+0).
Bese ca npyrum pacmoomesiaMa
1. Gi(a) = Ga(a,1) = Gs(a,1,0) = G4(a,1,0,1).
2. G1(1)

Ei(1).

3. Gi(n)=ERy(1,n), n€ N.
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4. Ako X : Gi(a) mY : Gi1(b) m ako cy X m Y HesaBucHe ciaydajHe
IPOMEHJLUBE, Tala

X
X+Y

X+Y : Ga(a,b), : By(a,b).

5. Ako X : Gi(a) mY : Gi(a+1/2) m ako cy X u Y mHesasucue caydajue
npoMenssuBe, Tana 2vV XY : G1(2a).

6. Aro cy Xi,Xo,..., X, ca U(0,1) pacmomerama He3aBUCHE U aKO je
1 1 1
Y: —ln(XleXn) :lnz +lnf2++lann,

rama Y : Gi(n).
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TAMA PACIIOEJIA Gy(a,b)

(mBomapameTapcka)

I'ycrmra

ITapamerpu

a (a > 0) - mapamerap obauka, b (b > 0) - napamMerap craaupama.

I'pa¢uk ryctune

0.2

0.15

0.1

0.05

0.5 4

0.4

a=2, b=0.8
0.3

0.2

0.1

96
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Ha cnenehoj caumm cy mpukasaHu rpauny rycTUHA V CIydajy Kan je (Quk-
CUpaH TpPBU mapamerap, a = 2, JIOK ce IPYTd mapamMerap Mema Y WHTEePBAILY

[0.5,3].

0.8

0.7 b=0.5 a=2, be [0.5,3]

0 2 4 6 8 10

Cneneha camka mpurasyje rpaduke rycTUHa y CIydajy Kam je (UKCUpaH
IpyTu napaMeTap, AOK Cce IIPBU IapaMeTap Mema.

0.5




98 Tama pacnonena

$yHKITIja pacionesie

F(x):ﬁv(a,%), x>0,

rae je v HenmormyHa ramMa ¢yekmuja (Bumetu JlomaTak).

Eurponmuja

HX)=ab+(1—a)lnb+1InT(a) + (1 — a)p(a),

rme je v murama QyHKOUja (BI/I,lIeTI/I Honatak).

Kapakrepuctnuna ¢pyHKImja

1
e —
I'eneparpuca MmoMmeHarTa
1 1
M(t)= —— t< —.
O=a=m= <%
MomenTn
r
m, = b" (a—l—r)’ r>0
I'(a)
Crnenujasso:

Henrpaman MmomeHTH:
p2 = D(X) = ab®, p3=2ab®, pg = (3a® + 6a)b*.

KoepunujerTn acumerpuje n CIJbOMITEHOCTU

2
Wl(X)—%, a.
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dyHKIMMja BEpOIOCTOJHOCTU

_ (%)n(xl -Xz---Xn)aleXP{Z = 1n)§i},

2

X;
InL=(a—1) ZlnX Z—fnalnbfnlnf‘( ).

=1

Omene mapamerapa

MeToga makcumanHe BepoJoOCTOJHOCTU

Onene @ u b Hemo3HATUX HapaMeTapa a 1 b Cy pellema CUCTeMa jeTHaJYrHa,
=X, @ +Inb= ZlnXk,

rae je ¢ murama ¢pysrmmja (Bumern onarak).

Metona momeHaTta

Ouene @ u b o MeToaM MOMeHaTa JaTe Cy Ca

Heka cBojcTBa

1
1. Koedpunujenr Bapujauuje je Cy = —.

Va
2. Aro X : Gs(a,b), Tama cX : Ga(a,cd).
1
3. Arxo X : Gz(a,b), rana < Ga(a,1/b).

4. Arxo X; : Ga(a;,d) (1 = 1,2,...,n) m axo ¢y Xi1,Xa,..., X, HE3aBUCHE
caydajHe TpOMEHJBUBE, TaIa,

X1—|—X2++Xn . Gg(a1—|—a2+~~~+amb).

Bese ca npyrum pacmonesnama
1. Axo X : Gi(a), rama bX : Ga(a,b).
2. Ga(1,b) = Eq(b).

3. Gg(a, 1) = Gl(a).
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4. Go(a,b) = Gs(a,b,0) = Ga(a,b,0,1).

5. x2(n) = Go(n/2,2).

6. MAX(b) = Go(3/2,b).

7. Ako X,Y : Ga(a,b) m axo cy X u Y mesasucte, tana

X
X+Y

: BQ((L b)

8. Axo Xi,..., X, : E1(b), tama X1+ -+ X,, : Ga(n,b).

9. Ga(a,b) ~ N(ab,ab?) kana a — oo.

T'enepucan.e

Axo ¢y uq,...,u, He3aBucHU caydajou Opojesu u3 U(0,1) pacmonemne, Tana
n

je x = 72111?“ cayuajan 6poj uz G(n,1), a br cayuajam 6poj uz G(n,b)
i=1
pacnozmene. ['emepucame caydajuor 6poja us G(a,b) y cayuajy kanx a HUje meo

Opoj je KOMIIMKOBaHUje U MOsKe ce mobutu mpuMeHoM HojMmanoBe Mertome.
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TAMA PACIIOOEJIA Gs(a,b,c)

(Tponapamerapcka)

I'ycrura

ITapameTpm

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap cragupama,

¢ (¢ € R) - mapamerap JoKanumje.

I'pa¢uk rycrune

0.2 4
=2
0.15 3
o 5 a=05, b=2
0.05 1
0 0
% 0 2 4 ) R 0
05 4
2 =2
0.4
3
03 a=2,b=08 a=05,b=0.8
02
0.1
0
2 0 2 4

101
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$yHKITIja pacionesie

Croenujanso 3a a € N je

r—c) 1 fr—c\"
F(a:)zl—exp{— 2 } '< 2 ) , x>c
k!

0

Kapakrepuctuuna ¢pyHKIMja

B(t) = e*t(1 —ibt) .

MomenTu

my = Z <2)b’“crkr(1‘f(:)k), r> 0.

CrnenujaJHo:
mi =ab+c, my=ala+1)b*+ 2abc + 2.

HeHTpaJIHI/I MOMEHTMN:

po =D =ab? pg=2ab>, 4= (3a®+ 6a)b.

Mo u memujaua

c+bla—1), a>1
c, a<l,

Mo(X) = {
3a MenujaHy He IMOCTOjU jeTHOCTABAH M3Pa3.

KoepunujerTn acumerpuje n CIJbOMTEHOCTU

T (X) = 7o (X) = g

2
va’'

$yHKIja BEPOOOCTOJHOCTH

S| =

Hzfl(Xk —c)* !
L= = -
banl“n(a) €Xp

D (X - C)} ;
k=1
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n

InL=(a— I)ZIH(Xk —c)— nX te —anlnb—nlInT(a),
k=1
8lar;L = ;m(xk —¢) —nlnb— nd(a),
olnL n ,— an
b — EX I
dlnL -1 1
de (ail)ZXk—chg'

O1nene mapameTrapa

MeTo,qa MaKCUMaJliHe BepOﬂOCTOjHOCTI/I

Ouene @, b 1 ¢ HEMO3HATHUX MapaMeTapa a, b u ¢ Cy pemema CUCTEMA j&THAYMHA

ab+¢ = X,

1%(1)_1
n X —¢ @—1)0b

k=1

V(@) + b = %ZDM&—Q,

rae je ¢ murama ¢ysrmuja (Bumern Honarak).
ITpu Tome je
6a3 3ab? 3a3b?

D@~ =, Db)~== D@~ (n—00)

3a BpeguocTu a 6aucke 1 u/maum 3a Bpenoctu b 6aucke O HUje IPENOPyYIHUBO
KOPUCTUTY HaBENEeHU CUCTEM.

CrnenujanHo:
— Axo cy a u b mosnatu, onna je ¢ = X —ab, ako cy a u ¢ mo3HATH, OHZA je

X —c X —c

b= — a ako cy b m ¢ mosHaTu, oHIA je a4 = 5

— Ako je mosmaT camMo mapamMeTap @, OHIa ce OIleHe b m C mobujajy u3
cucreMa

- _ 1 I |
ab+c=X, ———=== I
(a—1)b n,;Xk*C
mpu yemy je
~ b —1)b? ~ 1
pi)~L, p@~" D et )

a+3’
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— Ako je mosHar caMo mapamerap b, OHZa ce OleHe 4 U ¢ Hodujajy u3
cucreMa

n n

1 1 1 1
1 Ity @) = 25 In(X, —2).
@—1p n;Xk—/c\’ nb+d(a) n;n( k=0

~

— Axo je mosmaT camo mapaMerap ¢, OHIa ce OleHe a4 W b nobujajy u3
cucreMa

ab+c=X, Inb+d@ =~ In(X—c).
k=1

S|

Metona MmomeHaTa

Ouewne a, b u ¢ 3a a, b u ¢, MO MeTOIU MOMEHaTa, mAaTE Cy Ca

. 4 ~ (4 _ - 202
@ 71'%7 202’ ¢ 03 ’
rue je
Co=—Y (Xp—X)?, C3==> (X-X)
k=1 k=1
Cnenujanso:
Axo je mosnat mapamerap a, OHIa je
~ Sh =
b= 7@7 c=C— Sn\/aa
npu 4yemy je
~  (a+3)b? ala + 3)b? ~ a+1
D ~N —, D ~N —m e ~ —
O~ Do~ T e~ ()

— Ako je mosmat mapamerap b, onma je

_82 - 82
a= b—;’, c=X - T”
— Ako je mosmaT mapamerap ¢, OHIA je
. (X-0? ~ 52
a= 7( 26) , b=="-.
S2 X —c¢c

Bese ca npyrum pacmonesiaMma
1. Ako X : Gi(a), rama bX +c¢ : Gs(a,b,c).

2. Gs(1,b,0) = By (b).
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IIpumena

dunancuje, XuaposIOruja, METEOPOJIOTNja, EKOHOMU]A.

Hammomena

Pacnozmena je cnemujanan cayuaj Ilupcorose III (PIR3) pacmozee.
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I'AMA 3ACEYEHA PACIIOIEJIA GZ1(a)

(3aceuena na [0,7], jenHonapamerapcka)

I'ycrmra
( ) Iaflefm 0 < 7
g(zr) = T
v(a,T)
ITapamerpu
a (a > 0) — napamerap obamEA.
I'pa¢ur rycrune
T=4
a=0.5
05k a=b

" W
‘ <

e

0.1
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T'AMA PACIHOJIEJIA GZ2(a,b)

(3aceuena na [0,7], nBonapamerapcka)

I'ycrura

ITapamerpm

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap ckamupama.

I'pa¢uk rycrune

107



38

I'MJIBPATOBA PACIIOIEJIA GL

I'ycrmura

ITapamerpu

Hema mapamerapa.

I'pa¢uk ryctune

07 T T T T

061

0.5F

0.4r

031

021

0.1
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I'mnGparoBa pacnonena

109

dyHKIMUja pacmonesie

1 1 /1 In®x

rae je P Henormyna rama ¢yHrnuja (Buzetn Jlomarak).

MomenTu

2
m,=¢e" /2, reN.

Koe¢punujenTn acumerpuje U CIJbOMITEHOCTH

m(X)=(e+2)Ve—1, m(X)=e*+2e>+3e* - 3.

Bese ca npyrum pacmnonenama
1. GL = LN,(0,1).
2. GL = LN3(0,1,0).

3. Ako X : GL, raga logX : N(0,1).
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I'YMBEJIOBA PACIIOJIEJIA GU

(cranmapmua)
I'yctura

glx)=e , TER.

ITapamerpu

Hewma mapamerapa.

I'pa¢ur rycrune

04¢
0.35}
0.3}
0.25¢
0.2t
015}
0.1}

0.05r
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I'ym6enoBa pacmnonena 111

dyHKIMUja pacmonesie

MomeHnT;n
2 2 3 4
M= my =P, me =PI 20(8), ma =yt T 48Y((3),
5v372  3ymd 1072¢(3
ms =~° + 7; + % +207%¢(3) + %() +24¢(5),

rae je v OjaepoBa koHCTaHTa, a ( PumanoBa 3eta ¢pyrrnuja (Buneru lonaTaxk).

Ilenrpasun MoMeHTH:

w2 3t 1072¢(3
po = —, 3 =2C(3), pa=—5—, us=%

o 50 +24¢(5)..

Bese ca npyrum pacmomnesnama
1. GU = GU1(1).

2. GU = GU2(1,0).

ITpumena
ExrcTtpemnue BpegHOCTH CilydajHUX HU30BA, XUAPOJOTHUja, METEOPOJIOTH]A.
Hamomene

1. Pacmozmena je mobuia mMe mo HeMadroM cratuctudapy I'ymGemy (Emil

Julius Gumbel, 1891-1966)).

2. Kopuctu ce u Ha3uB ABocTpyko (ABOJHO) eKCrOHeHUMja Ha pacriofena .
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I'YMBEJIOBA PACHOJIEJIA GUN

(meraTuBHA, CTAHAADIHA)

I'yctura

ITapamerpu

Hema mapamerapa.

I'pa¢ux ryctune

0.4

0.3

02

0.05F

112
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I'YMBEJIOBA PACHOIEJIA GUl1(a)

(jemmomapameTrapcka)
I'ycrura

g(x) = ae” %~ e_am, x € R.

ITapamerpm

a (a > 0) — napamerap o6imKAa.

I'pa¢uk rycrune

09t
0.8}
07t
06f
05f
0.4t
03t
02t

01r
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114 I'ymGenoBa pacnoneina

$yHKITIja pacionesie

Kapakrepuctuuna pyHKIMIja

ap-r(i-%).

Koedpumujentu acumerpuje u cJbOIITEHOCTH

m(X) >0, m(X)~24.

Hexka cBojcTBa

1. 3a ryctuHy u (QyHEIU]y PAcCIOmeae BaxKU jeTHAKOCT

Ing(x) —In F(z) + ax = 0.
2. I'yctuna pacnognene je pememe nuepeHNUjaTHE jeTHAUNHE
a(efax—l)g—g’:().
3. ®ymrmuja pacnogene je peleme qu(epeHNUja He jeHAUNHE

InF'—InF +az =0.

Beze ca apyrum pacnomnesiama

1. GU1(1) = GU.

1
2. Arko X : Ei(1), Tana —alnX : GU1(a).
1
3. Aro X : U(0,1), Tana —aln(—lnX) : GU1(a).

Harmmomena

I'ymbGenoBa pacnomena je mo3HaTa W Kao ABOCTPYKO EKCIOHEHIWjaJiHA, Kao
pacmomena ekcTpeMHUX Bpenaoctu Tuna I m kao Pumep-TuneroBa pacmonena.
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I'YMBEJIOBA PACHONEJIA GU2(a,b)

(mBomapamerapcka)

I'ycrura

ITapameTpm

a (a > 0) - mapamerap ckaaupama, b (b € R) - mapamerap Jokanuje.

I'pa¢puk rycrune

045}

0.4

0.351

03¢

0.25}

0.2}

0.15}

0.1}

0.05}
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$yHKITIja pacionesie

Eurponmuja

H(X)=—-Ina+~+1,

rae je v OjnepoBa KOHCTaAHTA.

Kapakrepuctuuna ¢pyHKIIja

MomenTnu

Mo u memujaua
Mo(X)=0b, Me(X)=b— %ln(ln2).

KoepunujerTn acumerpuje n CIJbOMITEHOCTU

m(X) = % ~ 11396, mo(X) =24,

rae je ( Pumanosa sera ¢ysrmuja (Bumnern lonarak).
Omene mapamerapa

MeTo,qa MaKcrMaJiHe BepOﬂOCTOjHOCTVI

Ouene @ u b HenozHaTUX mapameTapa a u b mobujajy ce u3 jemHAUMHA

z‘z:;Xie_aXi - (X_ é) zn:e_aXi =0, b= ilnn— %lnzn:e_axi.

i=1 i=1

s
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MeTtoga momeHaTa
Ounene @ u b 3a @ u b, IO METOIM MOMEHATA, JATE Cy Ca
~ m ~ — e
y b=X— ns
S, \V/6 m

rae je v OjaepoBa KOHCTaHTA.

Heka cBojcTBa

1. KBapTunu pacnomene matu cy ca

1 1 4
Q1 =b— —In(In4), ngb—lﬂ(ln).
a a 3

2. Pacnogmena je acuMmerpuyHa yaecHO.

3. Axko X : GU2(a,b), ouna je —X acumeTpudHa yJeBo.

Bese ca npyrum pacmoonesnamMa
1. Ako X : GU2(a,b), tama a(X —b) : GU.
2. GU2(a,0) = GU1(a).
3. GU2(1,0) = GU.

ITpumena
Xuaposoruja, eKOHOMUja, METEOPOJIOTH]a.
Hanomene
1. GU(a,b) cnama y kixacy pacuofesia eKCTPEMHUX BPETHOCTH.

2. Pacnogena je nosnara u kao Jlor Bej6ynosa, lomnepyosa ( Gompertz) n ®uimep-
Tunerosa (Fisher-Tippett) pacnonena.

3. I'ycTtura pacmofese Mo:ke la ce IapaMeTpusyje ca « u b ymecto a u b,
npu uemy je « = 1/a. Tanma je

—e @ , a>0,b>0.
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I'YMBEJIOBA PACIIOEJIA GU2Z(a,b)

(3aceuena Ha [0,+c), ABONAPAMETAPCKA)

I'yctuna

—a(x —b) — e"o=7Y

1— e_eab

ITapamerpu

a (a > 0) - mapamerap ckamupama, b (b € R) - mapamerap goranmje.

I'pa¢ur ryctune

18 a=0.5, b=—1

1.6
a=0.5, b=-0.2

1.4

1.2 a=0.5, b=0

a=0.5, b=1 a=0.5, b=2

/

0.8

0.6

0.4

0.2
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EKCIIOHEHIINMJAJIHA PACIIOJIEJIA F
(cranmapaua)

I'yctura

ITapamerpnu

Hema mapamerapa.

I'pa¢uk ryctune
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120 Excnonennujanna pacnoneia

$yHKITIja pacionesie

F(z)=1-¢2 z€R

Kapakrepuctnuna ¢pyHKImja

MomenTn

m,=71l, ré€eN.

Bese ca npyrum pacmonesnama

1. E=Ey(1).

2. Axo XY : E, rana

: 1).
X+Y u(.1)
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EKCIIOHEHIIMJAJIHA PACIIOZIEJIA E;(\)

(jemmomapameTrapcka)

I'ycrura

ITapameTpmu

A (A > 0) — mapamerap craaupama.

I'paduk rycrune

121
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$yHKITIja pacionesie

Flz)=1—e2* z>0.
EuTponmnja

H(z)=14+InA.

Y CcKymy caydajHUX NPOMEHJ/LUBUX YWje Cy T'ycTUHe jemHake Hyad 3a = < 0 u
no3uTuBHE 3a * > 0 1 KOje MMajy oueKkMBame A, HajBehy eHTponujy mMmajy omHe
ca pacmogmesrom E7(A).

Kapakrepuctuuna ¢pyHKIMja

MomenTn

me=A"-rl, ré&N.

CnenujarHo:
mi =X\, mo=2\2 ms =06\ my=24)\%
3a meHTpaJHe MOMEHTE BaskU jeAHAKOCT
1 = (r+ DA + (=1)"TIATHE

Kao 1

T _1k
Ur:mrz( k') .

o

CunenujasrHo:
po =D(X) = N2 g =203, g =N s = 4405, g = 2650, pr = 185407,
3a BesMKe BPEMHOCTH T je fi & 7.

Mo u memujaua

Mo(X)=0, Me(X)=X-1In2.

KoepunujerTn acumerpuje n CIJbOMITEHOCTU
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dyHKIMMja BEpOIOCTOJHOCTU

Onene mapamMmeTapa

Metoga makcrmanHe BepofoCcTojHOCTU

Kako je

1 n
1 = -nl —*E iy
nL(A\) nln A )\ilX

d . .
n3 — InL(A\) =0 mobuja ce omeHa 3a A II0 METOAM MAKCUMAJHE BEDPOIOCTO]-
HOCTI

A= X,.
MeTtoga momeHaTa

Ormena je ncra Kao oHa Koja ce mobOuWja MeTOMOM MAaKCUMaJHE BEePOIOCTOj-
HOCTHU, TIPU YeMy je

—~ ~ 22
EA) =X DA =—,
n

ma je olleHa HEeMPUCTPACHA U CTAOUIHA.
Hexka cBojcTBa

1. Koepunujenr sapujanuje je Cy(X) = 1.

2. Ako X : Fi(1), rama AX : Ei()).

3. Axko X; : E1(N\) 3ai=1,...,nuako cy Xi,...,X, He3aBUCHE cIydajHE

OpOMeHJbUBE, Tala
min{X1, Xo,..., X} : Ex(M 4+ X4+ Ap).
4. Axko X : Ei()\), tana 3a cBako x > 0 u cBako y > 0 Basku
P{X>z+y|X >y} =P{X >a}.
OBOo CBOjCTBO ce 30Be HefocTaTak MeMopije M OHO KapaKTepUIIe eKCIIOHEH-
nujaiHy pacnogedy MeDy HeOpeKMTHUM paclofeaMa.
Bese ca apyrum pacnoomesiama
1. E1(\) = E3(),0).

2. E1()) = G3(1,),0).
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3. Bi(1)=E .

4. Axo X : Ei()\), rama e=X/* : U(0,1).

5. Ako (X — )" : E1(N\), rama X : W3(\, ¢, h).

6. Ako X : Ei(\), tama /2X/\ : Ri(1/)\).

7. Axo cy Xi,...X, Hesasucue u X; : Fi(\), Tana Z?:l X; @ Ga(n, N).
8. Aro X : Eq1(N\), rama a —bln(X/\) : GU2(a,b).

9. Aro cy X1 u X5 mesasucue n X1, Xs : Ey()), rama X1 — Xo : L1(N).

IIpumena

Buonoruja, ¢usmka, cucreMu MacOBHOI OICJIY/KMBamha, €JIEKTPOTEXHUKA, Me-
TEOPOJIOTHja, XUAPOJIOTUja, TEOPUja TMOY3JaHOCTH.

Hammomena

Kopuctu ce n mapamerpusamuja y kojoj ce ymecto 1/X ysuma A. Y Tom caydajy
je
g(z) = e ME=e) g >

rae je A > 0.
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EKCIIOHEHIIMJAJIHA PACIIOIIEJIA FEy()\c)

(mBomapamerapcka)

I'ycrura

ITapameTpu

A (A > 0) — napamerap crammpama, ¢ (¢ € R) — napamerap Jokamuje.

I'pa¢uk rycrune

0.9

0.8

0.7

0.5r

04

0.2

0.1
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126 Excnonennujanna pacnoneia

$yHKITIja pacionesie

F(x):l—exp{—xc}, x>ec.

Eurponmuja

H(z)=1+InA.

KapakrepuctnuHa ¢pyHKImja

MomenTnu
Sa MOMEHTE BaKN

r T \er—i
my =2~0C +7")\m7‘71:7"12m, r e N.
=0 ’

Cunenujastso:

mi=c+X mo=(c+N?+A, m3=c+32N+6c\? 463,

my =+ 43N+ 12207 + 243 + 240,

3a meHTpaJiHe MOMEHTE BaKU

T _1 r
fr =1 Ar—1 + (=1)"A" = A7 Z ( r') , TEN.
i=0 ’

CrnenujaJHo:
po = D(X) =X g =2X%,  pg=9AL

Mo u memujaua
Mo(X)=¢, Me(X)=c+ Aln2.

KoepunujerTn acumerpuje n CIJbOMITEHOCTU
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Omene mapamerapa

MeTo,qa MaKcrmMalJiHe BepO,qOCTOjHOCTI/I

Ako je mapamerap ¢ HO3HAT, OI€HA 3a A IO METOAU MaKCUMAaJHe BePOIOCTOj-
HOCTH je N
A=X, —c¢c

upu Jemy je E(X) = A (mempmcTpacHOCT) 7 D(X) =A/n — 0 kam n — o0
(cTabummoct).

Ako je mapamerap A IO3HAT, OLEHA 33 C IO METOAN MaKCUMAJHE BEPOIO-
crojaocTH je ¢ = Xpin.

Ornere 06a mapaMerpa IO METOAU MaKCUMAJHE BEPONOCTOJHOCTU CY

/c\:Xmin; /)\\:Y_Xmirr

Ose ormene Cy aCcUMIOTOTCKA HEMPUCTPACHE U CTAOUIIHE:

A A2
E@=c+=, D@=%=
@=c+>, DE=";.

- 1 ~ (1 1 2

Metona momeHaTa

Axko je mapamerap ¢ moO3HAT, OIleHA 3a A MO MeToau MoMeHara je A = X — c.
Omna je mempucrpacHa u crabuiiHa, jep je

CuauuHo, ako je mapamerap A IMO3HAT, omeHa ¢ = X —\, 0 METOIX MOMEHATA,
je Takobhe HempumcTpacHa U cTabuiHAa jep je

OueHe 3a 0ba nDapaMeTpa IO MeTOAU MOMeHaTa CYy

- _ 1< _
_ ~ 2 2.
A=S ¢=X-2G, S—fn% (X — X)

Jow Heke oyeHe napametapa

Omnene 1
= 1 (nXmin - Y)v A= r (Y - Xmin)
n —

n—1
Cy HempuCTpacHe, CTabuiIHe U cJIabo KopelucaHe, jep je

A2 A2

E(C*) =C, E()\*) = )\, D(C*) = m’ D()\*) — - 1’
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)\2
cov(c*, \*) = m, p(c™, \*) =

Bl

Be3e ca npyrum pacmonesnama
1. Gg(l, /\7 C) = EQ()\,C).
2. Ey(A,0) = E;(\).

3. Ako X; : E(\) m arko ¢y X; (i = 1,...,n) He3aBUCHe, OHOA CaydajHA
npomensuBa a1 X1+ -+ an Xy, rae cy ai,...,a, TO3UTUBHU PEeaaHu Opo-
jeBu, mMma EpaaHroBy pacmomery.

IIpmmena

Bwuousnoruja, ¢usura, Teopuja moy3maHOCTU, CUCTEMHU MACOBHOT OIICIIY:KABAHA,
METEeOPOJIOTHUja, XUAPOJIOTUjA, €JEKTPOTEXHUKA, TeOpHuja HOY3IaHOCTHU, IICHU-
XOJIoTHja.

I'emepucame

Axo je u cayuajam 6poj u3z U(0,1) pacnogene, tana je © = ¢ — Anu cayuajan
6poj m3 Ea(), ¢) pacnogedne.
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EKCIIOHEHIINJAJIHA PACIIOIEJIA EZ(\T)

(3aceuena Ha [0,7])

I'ycrura

ITapameTpmu

A (A > 0) — mapamerap cramupama, T (T > 0) — napamerap Jokanuje.

I'paduk rycrune

T=1 A=1
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MomenTu

Omnene mapamerapa

Omena mo MeTOIW MaKCHUMaJHe BEPOMOCTOJHOCTUA 3a A ce mobuja pemaBameM
jemHAYMHE

T

X=X+ ——.
+eT/’\—1

Hammomena

ITapamerap T ce obuuno 6mpa Tako ga Baskn P(0 < X < T) = «, rue je a mato,
Ha npumep o = 0.95 nau o = 0.99.
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EKCIIOHEHIINJAJIHA PACIIOIEJIA ES(a,b,c)

(cTemena, TpomapaMmerapcka)

T'yctuna

ITapamerpu

a (a > 0) — napamerap obmuka, b (b > 0) — mapamerap crammpama,

¢ (c € R) — nmapamerap JoOKanuje.

I'pa¢uk rycrune

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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EPJIAHT'OBA PACIIOJIEJIA ER1(n)

(jemmomapameTrapcka)

I'ycrmra

ITapamerpu

n (n € N) — napamerap obJuka.

I'pa¢ur ryctune

0.4
0.35f =2

031

n=3
o

0.25f ned

02 n=5
0.15f

01
0.05

0 | | | | | | |
0 1 2 3 4 5 6 7 8
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EPJIAHTOBA PACIIOJIEJIA FER2(n,b)

(mBomapamerapcka)
I'ycrura
1 r\n—1
_ el —x/b
9@ = =) (3) e w20
ITapameTrpu

n (n € N) — mapamerap obauka, b (b > 0) — mapamerap ckaaupama.

I'pa¢uk rycrune

1.2 b=0.3 J
e n=2

1F b=0.4 1

0.8 1

0.6 1

0.4l b=0.5 |
b=0.6

0.2 / i
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$yHKITIja pacionesie

Flz)=1- —I/bzk‘(f), x> 0.

Eurponmuja

HX)=nb—(n—1)Inb+1In(n — 1) + (1 — n)(n),

rme je v murama (QyHKOUja (BI/I,JIeTI/I ﬂonaTaK).

Kapakrepuctuuna ¢pyHKIMja

p(t) = (1—ith) ™
I'emepaTpmuca momMmenaTa
M@t)=1~-tb)™™, t<1/b.
MomenTn
my =bn, D(X)=0bn.

Koedunmujentu acumerpuje u cIJbOIITEHOCTH

(X)) = % (X)) = g
Be3se ca npyrum pacriomgesaaMa
1. ER2(1,b) = E1(b).
2. ER2(n,1) = ER1(n).
3. ER2(n,b) = ER3(n,b,0).
4. ER2(n,2) = x*(2n).
5. ER2(n,b) = G3(n,b,0).
6. Ako X; : Ei(b)sai=1,...,n u ako cy Xi,..., X, He3aBUCHE CIydajHE

IPOMEHJbUBE, Tala

X1 +Xo+ -+ X, : ER2(n,b).
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7. Axo X; : N(0,1)3ai=1,...,2nuaxo cy Xi,..., X2, He3aBUCHE CIyUajHE
MIPOMEHJbUBE, Tala

XP 4+ X2+ + X2, : ER2(n,2).

IIpumena
TenerkoMmyHUKaIje, CIyYajH OIpOIECH, OMOJIOTHja, €KOJIOTH]a.
Hamomene

1. Pacmogmeny je yBeo mancku craructuyap Epmanr (Agner Krarup Erlang,

1878-1929).
2. Kopucrtu ce u napamerpusanuja y kojoj je 1/b ymecto b. Y tom cayuajy
je
o) = o (ba) e
I'(n) '
T'enepucan.e
Ako cy uy,us,...,u, He3aBuCcHU caydajuu 6pojesu u3z U(0,1) pacnogene, Tana

je x =—=b> ) _,Inuy cuyuajan 6poj us ER2(n,b) pacnozemne.
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EPJIAHTOBA PACIIOJEJIA ER3(n,b,c)

(Tponapamerapcka)

I'ycrmra

.

ITapamerpu

n (n € N) — napamerap obauka, b (b > 0) — mapamerap ckaaupama,

¢ (¢ > 0) — mapamerap Jokamuje.

I'pa¢ux ryctune

0.8

n=2

b=0.5

0.6 J

c=-1 c=0 c=1

041 q

0.2F J

0.1 J
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MomenTu

my =bn, D(X)=0bn.

Koedpunmujentu acumerpuje U CIJbOIMITEHOCTH

2 6
X)="2.
m2(X) -

Bese ca apyrum pacmomnenamMa

1.

ER3(1,b,0) = Ey(b).

2. ER3(n,1,0) = ER1(n).
3. ER3(n,b,0) = ER2(n,b).
4. ER3(n,2,0) = x%(2n).
5. ER3(n,b,c) = G3(n,b,0).
6. Ako X; : Es(b,c)3ai=1,...,nu ako cy Xi,..., X, He3aBUCHe cIydajHe
OpPOMEHJBUBE, TaIa
X1+Xo+--+ X, : ER3(n,b,c).
7. Axo X; : N(0,1)3ai=1,...,2nuaro cy Xi,..., Xo, He3aBUCHE CcayUajHE
IpPOMEHJBUBE, Tala
X+ X34+ X3 : ER3(n,2,0).
Hamomena

Kopuctu ce n mapamerpusanuja y kojoj je 1/b ymecro b. Y Tom cayuajy je

g(x) = FIZ:L)(

T — C)n—le—b(a:—c).
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3UIIP® PACIIOOEJIA Z(a)

(jemmomapameTrapcka)

I'ycrmra
=1 1

i=1

~

ITapamerpu

a (a > 1) — napamerap obauKa.

I'pa¢ur ryctune

0.9

0.8

0.6
0.5

0.4

NEANN

01
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VHBEP3HA TAMA PACHOJIEJIA 1G(a,b)

(mBomapamerapcka)
I'ycrura
I R
g(x) I‘(a)x e , >0
ITapamerpm

a (a > 0) — napamerap obmmka, b (b > 0) — mapamerap crammpama.

I'pa¢uk rycrune

251

a=2, b=1

/

a=0.5, b=0.1

0.51

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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140 HNuBep3na rama pacmomeina

$yHKITIja pacionesie

Eurponmuja
H(X) = a+ In(bl(a)) — (1 + a)y(a).

KapakrepuctnuHa ¢pyHKImIja

B(t) = %(—ibt)a/%a(\/—zubt).

TI'emepaTpmuca momeHarTa

M(t) = Fi(—bt)a/%a(\/—z;bt).

MowmeHTII
b2
Koedpunmujentu acumerpuje u cJbOIMITEHOCTH
_Va—2 _ 30a—66
7T1(X)—4 a_3 (a>3), Wz(X)—m (a>4)

Bese ca npyrum pacmnonesnama

1
1. Axko X : Ga(a,b), rana < 1G(a,1/b).

2. I%(n) = IG(n/2,1/2).
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MHBEP3HA TAYCOBA PACIIOJIEJIA [G1(a)

(jemmomapameTrapcka)

I'ycrura

g(x) = e 2z , x>0.

ITapameTpmu

a (a > 0) — napamerap oOUKA.

I'paduk rycrune

141
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VWHBEP3HA TAYCOBA PACIIOJIEJIA [G2(a,b)

(mBomapameTapcka)
I'ycrmra
o _la—boy
g(z)zme 2e |, x>0
ITapamerpu

a (a > 0) — mapamerap aokamuje, b (b > 0) - mapamerap ckaaupama.

I'pa¢ux ryctune

a=1,b=3
—
25r
a=0.5, b=1
2 |
1.5F
a=1,b=2
1 |
05F
a=1, b=1

0 L L L L L L L L L J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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dyHKIMUja pacmonesie

MomenTu

Mo nu memujana

1 2
Mo(X) = 7— (1 [4a% + 92—2 - 32) ,

3a MemujaHy HE IIOCTOjU jeHOCTABAH M3Pa3.

KoedpunmujenTn acumerpuje u CIJbONITEHOCTH

T(X) = (X)) = %

Beze ca apyrumMm pacnomgesama
1. IG2(a,1) = IG(a).

2. Arko X : IG2(a,b) n ako je

Y:\/%(bX—1>, 711 \/%mg,
a a

C2Vab
Tana cIydajHe BeamumHe Y U Z UMajy ONPUOIMAHO HOPMAJHY PAacIomeTy
N(0,1).
3. Arxo X7 : IG2(a,b) 3ai=1,...,n u aro cy Xji,..., X, HE3aBUCHE CIIyda-

— a
jHe mpomensmuBe, Tana X, : IG2 <g,na2>.

ITpumena

Pusuka, eIeKTPOHUKA, PAIUOTEXHUKA, CEKBEHIIM]aIHA aHAJIN3a, METEOPOJIOryja,
¢unanCcUuje, nemorpaduja.

Hamomene

1. Pacmomeny je yBeo Tweedie 1947. ronume.
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2. Pacnonmena je mobmma mMe TO TOMEe MITO je H-eHa reHepaTpuca MoMe-
HaTa WHBep3Ha (yHKIUja TeHepaTpuce MoMeHaTa HopMaiHe ([laycose)
pacrmomuesne.
3. Pacnonena je nosHara u kao Bamnnosa (Wald, 1902-1950) pacnoneia.
4. Kopuctu ce m kKaHOHUYKN OOJUK (YHKIUje TYCTUHE
A 2
A _2 2 (J? - M)
x) = e ‘T
9(2) =153 ,
. a 9 . .
rme je p = 3 u A = a°. Ako ce y 0OBOj mapaMeTpu3alWlju yBeae CMeHa
A =apf? u pu = af, nobuja ce HOBa mapaMeTpuU3alUja 3a KOjy je
V 2ma3 20 '
5. Pacnonmena moxke ma ce KOpUCTHA yMECTO JIOTHOPMAJIHE PACIONENE Y CIIYyYajy

Ka/ga TMonany yKa3yjy ma ce paar O paclomenu ca 'mebenmM’ KpajeBUMaA.
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MHBEP3HA PEJIEJEBA PACIIOIIEJIA [R(a)

(jemmomapameTrapcka)

I'ycrura

ITapameTpm

a (a > 0) — napamerap oOJIUKA.

I'padpuk rycrune

181
161
1.4r

1.2r

0.8F
061
0.4r

0.2r
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MHBEP3HA XU KBAJIPAT PACIIOJIEJIA Ix2%(n)

(jemmoonmapameTapcka)

I'ycrmra

ITapamerpu

n (n € N) — mapamerap obauka (6poj cremeHu caobome).

I'pa¢ux ryctune

146
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dyHKIMUja pacmonesie

n 1
(32
P -—2 2 s
(3)
Kapakrepuctnuna ¢pyHKIuja

1

N O] (—it)"/2 Ky o (V=2it).

o(1)

T'emeparpuca MoMeHaTa
M(t) = 1 2741 (@)(it)"/‘lf( (V=20), teR
= 9 n/4 ; .

MomenTu

(n>2), DX)= (71722)2% (n>4).

my =

n—2

KoedpunmujenTu acumerpuje U CIJLOIMITEHOCTH

(X)) = — A=) (n>6), m(X)=12— 22

n—=6 (n—6)(n—8) (n>9).

Bese ca npyrum pacmonenama

1
1. Axo X : x%(n), rama ik Ix*(n).

1
2. I%(n) = IG2 (;" 2).




o8

MHBEP3HA XU KBAIIPAT PACIIOJEJIA [Sx2(n,o02)

(crkasupana, ABomapaMeTapCKa)

I'yctuna

ITapamerpu

n (n € N) mapamerap obiuka (6poj cremeHu croboge),

o (o > 0) — napamerap CKaJIupama.

I'pa¢ur rycrune

0.8
n=1, 0=0.8
0.7F / 1
0.6
0.5F
041
0.3f
0.2
0.1}F
0 | | | | |
0 0.5 1 1.5 2 25 3
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dyHKIMUja pacmonesie

Kapakrepuctuuna pyHKIMIja

— 1 . 24,\n/2 .

T'emeparpuca MoMeHaTa
M(t) =1 27/4-1T (g) (ino®t)" 4K, ;s(\/—2n0%t), t€ R.
MowmenTu

2n2ot
(n—2)2(n—4)

my = (n>2), DX)= (n>4).

n—2

KoedpunmujenTu acumerpuje U CIJbOMITEHOCTU

5n — 22

4
m(X) = 2n=4) (n>06), m(X)=120—Fr—g

n—=~6

(n>9).

Bese ca npyrum pacmonesnama

n02

1. Axo X : x?*(n), rana ~ I5x%(n,0?).

2
2. 1Sx%(n,0?) = IG2 (Z, ng)
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KOIIIUJEBA PACIIOJEJIA C

(cranmapmua)

I'yctura

ITapamerpu

Hema mapamerapa.

I'paduk ryctune

150
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dyHKIMUja pacmonesie

1 1
F(x) = 3 + —arctanz, = € R.
™

KapakrepuctnuHa ¢pyHKImja

p(t) =e ",
MomenTu

1
C o63upom ma g(z) ~ — 3a || — 400, HE mOCTOje KOHAYHWM MOMEHTH peja
T

r > 1, a mocroje 3a r < 1.
Hexka cBojcTBa

1. Kpaptuim cy Q1 = —-1u Q3 = 1.

1 1
2. Arxo X : | X-=) : C.
KO C’,Taﬂa2< X) c

Beze ca apyrumMm pacnomgesama
1. Axo X : U(—7/2,7/2), rana tanX : C.

2. Arko X : U(0,1), Tama tanm(X —1/2) : C.

Hammomena

Pacnozmena ce 30Be mo ¢paniyckom MareMmatudapy Kommjy (Augustin Luis
Cauchy, 1789-1857).
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KOIIINIJEBA PACIIONIEJIA CZ1

(3aceuena Ha (0,))

I'yctura

ITapamerpu

Hema mapamerapa.

I'paduk ryctune

0.7
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KOIIINMJEBA PACIIOJEJIA CZ2(T)

(3aceuena Ha [-T,T])

I'ycrura
1 1
= . T<z<T
9(x) arctanT 14 22’ *
ITapameTpm
T - mapameTap JIOKaImje.
I'pa¢uk rycrune
'1 -
T=0.5

0.8t

153
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KROIIIMJEBA PACIIOJIEJIA ((a)

(jemmomapameTrapcka)
I'ycrmra

(z) - <z <
r)= ——— ", —00<zT<O00.
g m(a? + z2)’

ITapamerpu

@ — mapamMerap CKaanpama.

I'pa¢ux ryctune

0.7 T

154
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dyHKIMUja pacmonesie

1 1
F(z) = i—l—farctang, r € R.
7r a

Koe¢punujenTn acumerpuje U CIJbOMITEHOCTU

Hema nedpunucane ose koeduiujerre.
P yHKIMMja BEpPOIOCTOJHOCTU
a 1
L="0]-——
T ;[[1 a? +z?’

lnL:nlna—nlnw—Zln(a2 —&—Xf).
i=1

Ornene mapamerapa

Ormena 3a a MeTOAOM MaKCUMaJHE BEPOLOCTOJHOCTHU ce No0uja U3 jenHadnHe

n ~
Z - ,
L g2 + g 2°
=1

=N

Hexka cBojcTBa
1. 'yctuna pacnogene je cumerpudHa y omnocy Ha z = 0.

2. Axo je Xi1,Xs,..., X, npoct cayuajan yszopak u3 Ci(a), ouma u X uma
C4(a) pacnogemy.

3. Axo ¢y X;i,..., X, He3aBucHe ciydajue Beauuune, npu yemy X; : Ci(a;),
raga X1+ -+ X, @ Ci(ar + -+ an).

1
4. Aro X : C:1(1), onna X C(1).

5. Ako X : ¢i(a), tama —X : Ci(a).

Bese ca npyrum pacmnonenama
1. Ci(1)=C.
2. Cl(a) = CQ(O,CL) = C4(0,CL, 2, 1)

3. Axo X : C, Trama aX : Cy(a) 3a a > 0.
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4. Aro X,Y : N(0,1) u aro cy X n Y me3sasucue, tana Y/X : C(1).

5. Axo X : U[-n/2,7/2], Tama tg X : C(1),

Harmmomena

Pacnozena je cnenujanan caydaj Ilupconose pacnogene tun VII (PIRT).
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KOINMMJEBA PACIIOJIEJIA Cy(a,b)

(mBomapamerapcka)
I'ycrura
b 1
g(z):;.@—&—(x—a)?’ r€eR
ITapamerpm

a — mapametrap JIOKauuje, b — napamerap CKaJupama.

I'pa¢uk rycrune

0.4 T T

0.35F

0.25

0.2

0.15

0.1

a=4, b=0.8

0.3} /
a=1, b=2

157
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Ha cnenehoj caumm cy mpukasanu rpaduy rycTuHa y CiIydajy Kaz je mapa-
MeTap b pukcupaH, IOK ce mapamMeTrap @ Memba.

Ha cunenehoj cnunu cy npukasadyu rpauni CyCTHHA YV CIy4ajy Kal je mapa-
Merap a PUKCUpaH, IOK ce mapamerap b Mema.

0.25
0.2

0.15

9(x)

0.1

0.05

wo
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dyHKIMUja pacmonesie

Kapakrepuctuuna pyHKIMIja
p(t) = el
Mo nu memujana
Mo(X) = Me(X) = a.

KoedpunmujenTu acumerpuje U CIJLOIMITEHOCTH

Hema medurucanme oBe xoedumnujente.

$yHKIMMja BEpPOI0CTOJHOCTU

S S
T ot b2—|-(Xj—a)2’

L =n(nb—Inm) =Y @+ (X, - a)?),
j=1

dlnL n - 2b
b _5_;b2+(Xj—a)2’ a

Ornene mapamerapa

Ouene @ u b METOIOM MaKCUMAaJIHE BEPOJIOCTOJHOCTH Ce NOOUjajy 13 cucTeMa

jemHaynHA
n

32 n i XjfZi
ZBM(X»—W:? ZEZJF(X»—a)fO
j=1 J j=1 J

Hexka cBojcTBa
1. Q1=a—-0b, Qs=a+b
2. I'ycTuna pacnogesie je CUMETPUYHA Y OQHOCY HA T = Q.

3. Arxo X : Cy(a,b), rama a+ X : Cy(a+ fa,|0|b).
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4. Axo je Xi,...,X, mpocr caydajan y3zopak n3 Cy(a,b), omma X : Cs(a,b)
u S, : Cy(na,nb).
5. Aro X; : Cs(a;,b;) u ako cy X; mehyco6ro He3aBuCHe, Tana
X1+ Xo+ -+ Xy 0 Colar + -+ an, by + - +by).
6. Axo X; : Cs(a,b) n aro cy X; mehycoGHO He3zaBuCHe, Tazna

a1 X1+t a Xy 2 Col(ar + -+ ap)a, (Jag| + - + |an|)b).

Bese ca npyrum pacmonenamMa

1. C5(0,1) = C.

2. C5(0,a) = Cy(a).

3. Cy(a,b) = Cy(a,b,2,1).

4. Ako X : C1(\), tama a+bX : Ca(a, Ab).

5. Ako X : C1(b), tana X —a : Cy(a,d).

6. Ako X : N(0,1) n Y : N(0,1), Tama X/Y : C(0,1).
I'emepucame

Axo je u cmyuajam 6poj m3 pacnogere U(—1/2,1/2), tana je x = a + btan(mu)
caydajan 6poj us pacnozxeae Cs(a,b)
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KOMINJEBA PACIIOEJIA C,(a,b,c,d)

(ueTBOpOMApaMETAPCKA)

I'ycTtuna

Tr—a

b

c\ —d
T 9(1/0)T(d - 1/c ) y o€ B

ITapamerpu

a (a € R) - napamerap goranuje, b (b > 0) - napamerap ckaaupama,

¢,d (¢,d >0, ed > 1) - mapamerpn oGIHUEKA.

I'pa¢uk rycrune

0.35 T T .

0.3

0.25

0.2

0.15

0.1

0.05
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Ha cnenehoj caumm cy npukaszanu rpaduny rycTuaa y caydajy kazmje a = b =2
u d =1, Mok ce mapamerap ¢ Mema y mHTepBaay [1,3].

0.25

Ha cnenehoj caumm cy npukazanu rpadguny rycTuaa y caydajy Kamje a = b =2
u ¢ =1, nok ce napamerap d Mema y uaTepBaay [1,3].
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KOCUHYC PACIIOJIEJIA COS1(a,b)

(mBomapamerapcka)
I'ycrura
1 r—a
g(x) = 5.5 €5 5 a—br <z <a-+br.
ITapameTpm

a,b (a € R,b> 0) — mapamerpu JoKanuje.

I'padpuk rycrune

0.2

0.18}

0.16

0121

01

0.08

0.06

0.04

0.02

163
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$yHKITIja pacionesie

1 1 — —
F(ﬂc):—l—(x a—l—sinx a>7 a—br <z<a-+br.

2 27 b b

MomenTnu

my =a, D(X)= (i;) b2

Koe¢punujerTn acumerpuje n CIJbOMITEHOCTU

6 T — 90
2T~ 05938,

m(X) =0, m(X)= 5 (x2—6)2

Hexka cBojcTBa
1. Mo(X)=Me(X) =a.

2. KBaprunu cy Q1 = a — 0.8317b, @3 = a + 0.83170.

IIpumena

IloHekanm ce KOPUCTU ce KaO AalPOKCUMAalNja 3a HOPMAJHY PAaCIOIEIY.
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KOCUHYC PACIIOJIEJIA COS2(a,b)

(Ha MHTEpPBALY [a,b])

I'ycrura

ITapameTrpu

a,b (a,b € R,a <b) — majuama u majsehia BpeMHOCT ciIydajHe TPOMEHJLUBE.

I'pa¢uk rycrune

0.4

0.351 a=-2 q

b=3

0.25[ J

015 \ /' 1

01 J

0.05[ J
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$yHKITIja pacionesie

Flz) = (1 —i—SiHW) € la,bl.

MomenTnu

my = 5 D(X)Z

Mon u menujana

Mo(X) = Me(X) = 22,

Hammomena

dyurnuja rycTuHe MOke Ha ce 3amuile u y OOJIUKY

a+b b—a

rme je ¢ =

T'enepucan.e

Axo je u cayuajan 6poj u3 U(0, 1) pacnonene, Tana je © = a+barcsin u cayyajan
6poj uz COS2(a,b) pacnoneue.
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KOCHVHYC PACIIOIIEJIA COS3(a,b)

(mBomapamerapcka)

I'ycrura

ITapameTpm

a,b (a € R,b> 0) — mapaMmerpu JoKanuje.

I'paduk rycrune

0.4

03k 4 1

0.3 1

b=1

0.25[ \ J

02 J

015 B b=2 7
b=3 :

0.05 | | | | |
1

167
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$yHKITIja pacionesie

1 - 1 —

Kapakrepuctuuna ¢pyHKIMIja

w2sin(bt) .,
t)= L giat
20 = G — ey

I'emepaTrpuca MmomMeHaTa

72 sh(bt)
= —-—-———— at .
MO = fr ey TER
MomenTn
1 2
2

Mon u menujana
Mo(X)=Me(X) =a.
Koe¢punujerTn acumerpuje n CIJbOMITEHOCTU

90 — 7*
276)2 ~ —0.5938.

M) =0, m(X)= g e
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KYMAPACBAMUJIEBA PACHOJEJA KM(a,b)

(mBomapamerapcka)
I'ycrura
g(x) = abz® 11—z, 2 (0,1).

ITapamerpu

a,b (a,b > 0) — mapamerpu obuKA.

I'padpuk rycrune

2 2 2
5 a<1, b=1 '5 a=1, b>1 15| &P
1 1 1
05 05 0.5
00 0.5 1 00 0.5 1 O0 0.5 1
2 2 2
15 a<1, b>1 15 a=1, b=1 15 a>1, b=1
1 1 1
0.5 0.5 0.5
00 0.5 1 00 0.5 1 00 0.5 1
2 2 2
15 a<1, b<1 15 a=1, b<1 150 @1,b<l
1 1 1
0.5 0.5 0.5
00 05 1 0O 0.5 1 00 05 1

Axo je Dap jeman om mapamerapa Mamu on 1, rpaduk TyCTUHE WMa OArO-
Bapajyhe BepTUKaJIHE aCUMITOTE.

169
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$yHKITIja pacionesie

Fx)=1-(1—-2%% 2€(0,1).
MomenTnu

)T (1+ 2)

my = 7~ >0
r(1+6+2)
a

Mo u memujana

a—1 1/a 1 1/a

Hanomene

1. Pacnogeny je yseo Kymapacsamm (Poondi Kumaraswamy) 1980. rommme.

2. ®ymrnuja rycTuHe OBe pacmoeiie MMa BUIIe OOJIMKa, MOMYyT OeTa pacro-
neje, ajli je MHOTO jeTHOCTAaBHUjA.
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JIATIJTACOBA PACIIOIEJIA L())

(jemmomapameTrapcka)

I'ycrura

ITapameTpm

A (A > 0) — mapamerap cragupama.

I'pa¢uk rycrune

09F .
2=05
07t .
06 ]
A=t
04+ 1
03f .

0.2 1

01f AW ]
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$yHKITIja pacionesie

1-— %e_’”/’\, x> 0.

Enrponuja
H(X) =1+ In(2)).
MomenTn
Moks1 =0, mar =% (2K)!, k=0,1,2,...
CuenujasHo:

my = D(X) =2\, my = pg = 24N
Mon nu memujana
Mo(X) = Me(X) =0.

Koedumujentu acumerpuje u cIJbOIITEHOCTH

Omnene mapamerapa

MeTo,qa MaKCcuMaJlHE BepOﬂOCTOjHOCTI/I

Omena A 3a A\ METOIOM MaKCHMAJHE BEPOMOCTOJHOCTH j€

n

~ 1
)\:nZ|Xi|.

i=1
Metona MomeHaTa

Onena \ METOOOM MOMEHATa je

Bese ca npyrum pacmnonesnama

1. Li(\) = La(), 0).
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2. Arko X : Li(A), tama |X| : E1()).

3. Ako X,Y : Li;()\) m ako ¢y X m Y HesaBucHe ciaydajHe TPOMEHJbUBE,
rana | X|/|Y| : F(2,2).

4. Axo X,Y : Ei1(N), rtaga X =Y : Li(N),

5. Axo X1,X5,X3,X4 @ N(0,1) u aro cy Xi,Xo, X3 u X4 Hesasuchue ciy-

JajHe BeJIUYUHE, TaIa

X1X2—|—X3X4 . L1(2), X1X2—X3X4 . L1(2)

Hamnomene

1. Pacnogmemny je 1774. romune yBeo ppannycku mateMatndap Jlannac ( Pierre
Simon Laplace, 1749-1827) .

2. Kopuctu ce u Ha3uB [BOCTpaHa eKCrOHeHYMjaaHa pacrnojena .

3. L1(1) je cranmapana Jlanmacosa pacmoneda.
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JIATIJTACOBA PACIIOIEJIA Ly(\a)

(mBomapameTapcka)

I'ycrmra

ITapamerpu

A (A > 0) — mapamerap ckanupama, a (a € R) — mapamMerap JIOKaIuje.

I'padur rycrtune
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dyHKIMUja pacmonesie

1
56(“5*“)/)‘, z<a
F(z) =

1
1- ie*("”*“)/)‘, x> a.
Eunrponmnja
H(X) =1+ In(2)).

Kapakrepuctnusa ¢pyHKImja

I'emeparpuca momeHara

1
Aﬂﬂzl—A%%“,|ﬂ<X.

MomenTu

pokr1 =0, pop = AF-(2K)!, k=0,1,2,...

Cremnujanso:
Mo = 2)\2, my = g = 24)\4

Besa m3amebhy MmomeHnaTa u MEHTpaJHUX MOMEHATA je

=y (5) ot tmia.

=0

KoedpunmujenTu acumerpuje U CIJLOIMITEHOCTH

Omene mapamerapa

MeTo,qa MaKCMalJliHe BepO,qOCTOjHOCTI/I

Ouene \ 1 @ 3a Hemo3HAaTe MapaMeTpe A\ U a Cy
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Axo cy X1{,X},..., X, cratucruke noperra (X] <--- < X)), rana je

X+ X

Q=X (n=2k+1), a=—t—

(n = 2k).

Omena 3a a je ucTa U aKo je MO3HAT mapaMeTap A, a ako je mapamerap ¢ HO3HAT,

Tana je
~ 1
A= EZpQ —al.
i=1

MeTtoga momeHaTa

Ouene a u A mapamerapa ¢ U A Cy:

d= Me(X), A= |- SoCx - a2,

Hpyre oueHe

Kopucre ce u mHexe npyre omere, Ha mpumep:

Bese ca npyrum pacmnonesnama
1. Li(\,0) = Ly(N),

2. Arxo X : La()\a), rana | X —al| : E1(N).
3. Aro X : Lo()a), rama |X —a| @ Sx3(2).

4. Pacnognena je cuenujasan ciaydaj TpornapaMerapcke Bejoyaose mBocTpa-
me pacmomene, La(A a) = WD(1, )\ a),

5. Pacnomena je cnenujanan ciyuaj rama pacuogeie, Lo(A, a) = G4(1, A a, 1),
6. Pacnomena je cnenmjaman caydaj acumerpuune Jlammacose pacnomedne,
La(N a) = LA2(N,1/2,a).
Hanomene

1. Pacnogena je nobuia nve no gpanmyckom MareMatudapy Jlammacy ( Pierre
Simon Laplace, 1749-1827).
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2. Ako ce 3a mapamerpe y3My OUYeKMBame M U CTAaHAAPIHA AeBUjaldja o,
Tama je
V2
1 ——lx—m)|
o

= , € R.
g(z) o x

T'emepucame

Ako cy w; m uy He3aBUCHU ciydajau Opojesu m3 pacnogere U(0,1), Tana je

a+Anwug, u>1/2
a—Alnug, wu; >1/2

cayuajan 6poj uz L(\,a) pacnonerne.

Cayuajan 6poj uz L(A,0) pacnomene Moske na ce no0Uje U Kao PA3iuKa IBa
He3aBUCHa ciaydajHa 6poja u3 Ej(1/)\) pacnognene, a cayuajan 6poj uz Lo(1,0)
pacmomese MOXke na ce Moduje M Kao KOJWYHUK IBA HE3aBUCHA CJydajHa Opoja
u3 U(0,1) pacnoneue.
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JIATIJTIACOBA PACIIOJEJIA LAl(a,A,\s)

(acumeTpuuHa)
T'yctunma
1 e |x _ a| r<a
L expd —
) Vi B VI &
g(x) =
i exp § — |z —ql >a
I, P N [ %2
ITapamerpu

a (a € R) — mapamerap JokKanuje,

A1, A2 (A1 > 0,22 > 0, A2 # A1) — mapaMeTpu CKaJgupama.

I'pa¢ux rycrtune

0.5

045 b

041 1

0.35 J

03

025

02

0.15F

0.1
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dyHKIMUja pacmonesie

F(x) =
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JIATIIACOBA PACIIOEJIA LA2(\,p,a)

(acumeTpuuHa)
T'yctunma

l1—p |z —a

- <
\ e p{ \ }, r<a
g(x) =

Bexp _|:l:—a| T >a

A A ’
ITapamerpu

A (A > 0) — napamerap cramupama, p (0 < p < 1) — napamerap obiuka,

a (a € R) — mapamerap JoKanuje.

I'pa¢ux ryctune

0.9

0.8 a=1 4
A=1
0.71 J
p=0.2

06 p=0.1 4

0.4 E
p=0.5

03t e i

p=0.2
0.2 b

\ p=0.1

01} p=0.5 i
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dyHKIMUja pacmonesie

Fla) = (l_p)'exp{_a;x}’ T

T —a
lpoexp{ \ }, T > a.

Bese ca npyrum paciomnesnama

LA2(\,1/2,a) = La(\, a).
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JIATIJIACOBA PACHOJEJIA LA3()a)

(acumeTpuuHa)
I'ycrmra
e(lf)\)(mfa)’ r<a
g(x) = A(1 =)
ex(“_ﬂ”% T > a.
ITapamerpu

A (0 <A< 1) — napamerap ckanupama, a (a € R) — mapamerap Jokamuje.

I'paduk rycrune

0.4

182
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dyHKIMUja pacmonesie

F(z) =

)\e(lf)\)(mfa)’ r<a
L— 1=\ 2 >a.
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JIATIIACOBA PACIIOEJIA LA4(\,p,a)

(acumeTpuuHa)
T'yctunma
r—a
eXp{ h\ } ; r<a
9(2) = 2 Y
Al +p?) {p(a—x)}

exp f s T > a.

ITapamerpu

A (A > 0) — napamerap cramupama, p (p > 0) — mapamerap obnuka,

a (a € R) — mapaMerap sokamnuje.

I'pa¢ux rycrtune

0.2

0.18} a=0 [ 4

A=2 ! v
0.16 p=2 [ \ ) p=05
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Jlanmacosa pacnoonesia

dyHKIMUja pacmonesie

0.2

018F a0

=2
0.16 -

0.1
0.08

0.06

xr—a
pQQXP{
1+p%— exp{
v\
\
p=2

ITpumena

Punamncuje.
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JIATIJTACOBA PACHOEJIA LA5(A,p)

(acumeTpuuHa)

I'ycrmra

1 (1+p)x

— - <

X exp { \ } , z<0

g9(x) = ) .

Xe*g”/)‘ exp {1 - 26’”””‘} , x>0.

ITapamerpu

A (A > 0) — napamerap crkamupama, p (p > 0) — mapamerap obiuKa.

I'pa¢ux ryctune

0.9

08

=2
0.7r

0.4

03

o
[

|

|
4\
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dyHKIMUja pacmonesie

F(z)

0.8

071

06

0.3

0.2f

01
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JIATIJIACOBA PACIIONEJIA LZ1()\,a,b)

(3aceuena Ha [a,b])

T'yctunma
( a/)\>_ 1 z/A
1-e e a<z<0
g(x) = 0y
(1—e_b/>‘> -ﬁe_m/)‘, 0<x<b
ITapamerpu

A (A > 0) — napamerap crasupama,

a (a <0), b (b>) — nmapamerpu noranuje.

I'padux ryctune

0.7




7

JIATIJTACOBA PACIIOIEJIA LZ2(\,a,b)

(3aceuena Ha [a,b))

T'yctuna
Ll
9(x) = A2 —ea/X — e*b/k)e A, 0<z<bh
ITapameTpm
A (A > 0) — mapamerap ckajgupama,

a (a <0), b (b>)— napamerpu JoKanmje.

I'pa¢uk rycrune

0.7




190 JlannacoBa 3aceuena pacmomeia

P yHKITIja BEPOAOCTOJHOCTH

1 1 &

/\n(Q — ea/X — e—b/)\)n

dL 1 < n n ae* — be />
FTAS ) DRl Ul S s Y

Omnene mapamerapa

Omena A 3a A Mo MeTOnM MaKCHUMAaJIHE BEPOIOCTOJHOCTH HOOUja ce U3 jel-

Ha4YnHe
() (28 ) = ),

n
rae je T = Z ;.
i=1
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JIATIJIACOBA PACIIOEJIA LU(),p,aq)

(yormrena)

I'ycrura

1 |z — al?
= - ) E R.
9 = AT (1 1 1/p) exp{ } !

ITapameTpm

A (A > 0) — mapamerap crkamupama, p (p > 0) — mapamerap o6IuKA,

a (a € R) — mapamerap Jokanmje.

I'pa¢uk rycrune

0.8

07F a=0 1

A=t p=05

0.6 / J

0.3F =2 p=1 q

02 J
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192 JlannacoBa yomnmreHa pacmomeia

$yHKITIja pacionesie

o ). e
(x)—m F(%)jw(%@;i;)‘") x> a,

rne cy I'(s,-) m (-, ") memoTmyne rama ¢ymknmje (moraenarm lomarak).
Hanomene
1. Pacnogmeny je yBeo Subbotin 1923. ronume.

2. KOpI/ICTI/I Ccé 1M Ha3UB eKCﬂOHeHHMjaﬂHa cTeneHa pacnojgena.
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JIEBUJEBA PACIIOJIEJIA LV (a))

(jemmomapameTrapcka)

I'ycrura

g(x) = ;m—:’)/ze—a/m’ x> 0.
\ 27

ITapameTpm

a (a > 0) — mapaMerap ckaaupama.

I'padpuk rycrune

193



194

JleBujeBa pacnonena

$yHKITIja pacionesie

Kapakrepuctuuna ¢pyHKIIja

plt) = eV,

Bese ca npyrum pacmomgesamMa

1. Pacnogmena je cmenujajian ciiydaj a-CTaOWIHUX paciIouea.

2. LV(a) = IG2(1/2,a/2).

Hammomene

1. Pacnozeny je yBeo Jleu (Paul Pierre Levy, 1886-1971).

[ a
2. 3a ¢ymrmujy ryctune Basgkum g(z) ~ 2—33_3/2 Kama T — OQ.
T
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JIOTAPUTAMCKA PACHOJEJA LOG1(a,b)

(mBomapamerapcka)
I'ycrura
Inz
9@ = s —1) —ama—1) * €@
ITapameTpu

a,b (0 < a < b) — napamerpu JnoKauuje.

I'pa¢uk rycrune

b=3
12
a=2
1 -
0.8
0.6
041
0.2r
0 I I I I i I I I I )
1 1.2 1.4 1.6 1.8 2 22 2.4 2.6 2.8 3
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196 JlorapuramMmcka pacmoneina

$yHKITIja pacionesie

a(l—Ina) —z(1l —Inx)

Fz) = a(l—Ina) —b(1 —Inb)’

x € [a,b)].

MomenTn

a** (1 —(k+1)Ina) — b¥**1(1 — (k + 1) Inb)
(k+1)2(a(l —lna) — b(1 —1nd))

mg = , keN.




81
JIOTAPUTAMCEKA PACIIOIEJIA LOG2(a,b)

(mBomapamerapcka)
I'ycrura
1 T —a
g(z)iib_a b—a’ me(a’ab]
ITapameTpm

a,b (a,b € R, a > b) — napamerpu JoRanmje.

I'pa¢uk rycrune

197



198 JlorapuramMmcka pacmoneina

$yHKITIja pacionesie

r—a

Flo) = — (1—lnba>7 z € [a,b].

MomenTnu

I'emepucame

Axo cy u; m up mesaBuchu ciyuajuu opojesm u3 U(0,1) pacnomerne, Tama je
x = a+ bujus cayuajam 6poj mza LOG2(a,b) pacnonene.




82
JIOTAPUTAMCEKA PACIIOIEJIA LOG3(a,b)

(mBomapamerapcka, JBOCTPAaHA)

I'ycrura

1 |22 — a — b
n

S ]
g(z) a o

x € [a,(a+b)/2)U(a+b)/2,b].

ITapamerpu

a,b (a,b € R, a <b) mnapamerpu JoKauuje.

I'pa¢uk ryctune

b=5

08
0.6
0.4

0.2

199



200 JlorapuramMmcka pacmoneina

$yHKITIja pacionesie

1 [22—a—D <1_1n2x—a—b|> a<x<a+b
’ - 2

2 2(b—a) b—a
F(x) = | |
1 |2z—a-1b 2x —a — b a+b
-+ — (11 <b.
PR ( R — ) g TS
MowmenTn
2
mi =20 pxy= &
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JIOT - TAMA PACIIOJIEJIA LGG1(a,b,c)

(Tponapamerapcka)

ITapameTpm

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap cragupama,

¢ (¢ € R) — mapamerap Jokanmje.

I'pa¢uk rycrune

0.35

0.3

0.25

0.2

0.15f

0.1}

0.05[
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202 Jlor-rama pacnonena

MomenTu

my =e"(1—rb)~% 1—1rb>0.

CunenujasrHo:
my = e“(1=b)"%  mp=e*(1-2b)"% mg=e>(1-3b)"% my = et (1-4b)~"
IleHTpadHM MOMEHTHU fi2 W {3 CY HATHU Ca
po = koe®,  pz = kze®
e je

ko =(1-2b)"%—(1—=b)"2 ky=(1-3b)""—3((1—2b)(1—a)) *+2(1-b)">

Koedpumujentu acumerpuje U CIJbOIITEHOCTH

ks k4
WI(X):I{:S/Q’ WQ(X):E_?%
2

rme je

ky = (1 —4b)"" —4((1 —3b)(1 — b))~ +6((1 — 2b)(1 — b))~ — 3(1 — b)~*

P yHKIja BEPOOOCTOJHOCTH

ﬁ In X}, — )

L=k — exp{1 (lnXkC)}>
b
baGn H k=1
n 1 <& ne
InL = (a—l);ln(lnXk—c)—Ekz::llnXk‘F?

—In(X1 X3+ X,) —anlnb —nlnG(a),

InL -

aar; = Zln(lnX;C —c) —nlnb—ny(a),
k=1

OlnL 1 ne

b b2;n TR

OlnL ~ -1 n
= —1 [ P
Oc (a );lnkac—i_b’
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rae je ¢ murama ¢ysrmmja (Bumern onarak).
Ouene mapamerapa

Ouene d, b u € 3a a, b 1 ¢ 10 METOM MaKCUMAJHE BEPOAOCTOJHOCTU H00Ujajy
ce pemraBameM CHACTEMa jeTHaurHa

L 1 ¢
ab+c¢ = EZIHX’“’
k=1
12":(1> _
n InX;, —¢ @-1)b

=1

$(@+mmb = = In(lnX; — 2.

Bese ca npyrum pacmomnenama

1. X : LGG1(a,b,c) axo u camo aro In X : Gs(a,b,c)
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JIOT - TAMA PACIIOJEJIA LGG2(a,b,c)

(Tponapamerapcka)

(z) = 1 Inz —c afle c—Inx 0< <
K= LbT@) \ b R B '

ITapamerpu

a (a > 0) — mapamerap obauka, b (b < 0) — mapamerap craaupama,

¢ (¢ € R) — mapamerap Joranmje.

I'pa¢ux ryctune

a=1.2,b=-2 a=0.5, b=-2 7

e a

a=0.5, b=-0.5
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JIOTUCTNURKA PACIIOIEJIA LG
(cranmapaua)

I'yctura

ITapamerpu

Hewma mapamerapa.

I'pa¢uk rycrune

0.25

0.2}

0.15}

0.1p

0.051
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206 Jlorucrtuura pacmonmeina

$yHKITIja pacionesie

1

-~ zeR
1+e 2 v

Kapakrepuctuuna ¢pyHKIMIja

7t

p(t) = DL +itD(1L - it) = ——.

MomenTnu

33, IOEHTPpaJIHE MOMEHTE BayKU
H2k+1 = 07 M2k = 6(22k - 1)B2k77 ke Na

rae je Bgj o3Haka 3a 2k-tu Bepuynujes 6poj (Bumetu IlomaTak).

Crnennjanso, s = D(X) = %

Momx m memujana
Mo(X) = Me(X) =0.
Koe¢punujerTu acuMmerpuje n CIJbOMITEHOCTU
m(X) =0, m((X)=12.

Heka cBojcTBa
1. Q1:—1H3, Q3=1n3.

2. 3a g u F Baxn

Be3e ca npyrum pacmonesama

X
1. Ako X : U(0,1), Tana ln1 ¥ LG.

2. Axko XY : GU u ako cy X u Y He3aBucHe ciIydajHe IPOMEHJLUBE, TAIA
X-Y : LG.
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X;

3. Axo X; : L1(1) 3a i € N, Tana H < LG.
. J
j=1

IIpumena
ExonomMuja, memorpaduja.

Hamnomene

1. Pacnogeny je yseo Bepxauct (Pierre Francois Verhulst, 1838-1845) 6asehn
ce mpodieMuMa gemorpaduje.

2. I'ycTtuna pacnopneiie MOKe Ia Cce 3amulle U Yy ODJIUKY

ew

1 T
g(z) = m, g9(z) = 1360}35

3. Pacmonmena je y aurepaTypu Ha €HIJVIECKOM je3WKY TO3HATA W Kao Sech
squared distribution.

T'erepucame

u
Axo je u cayuajam 6poj uz U(0,1) pacnomerne, tama je © = In 1 cllydajan

opoj uz LG pacuogeie.
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JIOTUICTUYKA PACHOJIEJIA LGZ1

(3aceuena c jeBe cTpame)

I'yctura

2e7
g(x) = Axe 2 z>0.

ITapamerpu

Hema mapamerapa.

I'pa¢uk ryctune

0.5

0.4 .

0.3F 1

0.25 1

021 J

015} 1

0.05f 1
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JlorucTuuka 3acedyeHna pacmnomnesia 209

dyHKIMUja pacmonesie

0.9 J

0.8 1

0.4 1

0.3 J

0.2 1

IIpumena
Exonomuja, nemorpaduja.
Hamomena

Pacnogena je y nurepaTypu Ha €HIJIECKOM je3MKy Io3HaTa U Kao half logistic
distribution.
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JIOTUUCTUYKA PACIIOAEJIA LGZ2(a)

(3aceuena ca obe cTpaHe, CUMETPUYHA)

I'ycrmra

1 e ” 1—a l1—a
<z <log .
a

ITapamerpu

a (0 <a< 1) — mapamerap goranmje.

I'pa¢ux ryctune

0.8

a=0.3

021

210
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JIOTYICTUUKA PACIIOJEJIA LGZ3(a,b)

(3aceuena ca obe crpaue)

I'ycrura

! <’ 1 <r<l
: o z <lo :
—a (1+e%)2’ 14 =% 1y

g(z) = 5

ITapameTrpu

a,b (0 < a,b< 1) — mapamerpu goRanmje.

I'pa¢uk rycrune

0.5

045} b=0 e .

0.35[

0.25[

0.15[

01 ! ! ! ! ! ! !
-2.5 -2 -15 -1 -0.5 0 0.5 1 15

211



212 JlorucTuuka 3acedyeHa pacrnomena

Hammomena

I'ycruna pacunonmerne mMoxke Ia ce nmapaMeTpusyje U TaKO [a llapaMeTpu Oymry
KpajeBM WHTepBana Ae(PUHUCAHOCTU. Y TOM CIyUajy

1+ +e) e’
g(fl?)— 66—60‘ (1—’-6_1)27 Oé<1'<ﬁ7

rme cy a u ( napamerpu jgokanuje. 3a o = 0 u f = 0o mobuja ce pacromena
LGZ1.
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JIOTUICTUUYKA PACIIOJEJIA LGS(a,b)

(mBomapamerapcka)
I'ycTtuna
U
exp 4 — 5
g(l‘) - 29 T€ER
b <1+exp{—x;a}>
ITapameTpu

a (a € R) — nmapamerap snokanuje, b (b > 0) — mapamerap cragupama.

I'paduk rycrune

0.35 T T T

0.3

0.25

0.2

0.15

0.1

0.05




214 Jlorucrtuura pacmonmeina

$yHKITIja pacionesie

F(z) = ! z€R.

a—z)’
1+exp{ 5 }

Kapakrepuctuuna ¢pyHKIMIja

itbw

— itaF~ (1 —3i _ tat .
o(t) = itbe™ T (ith)['(1 — ith) = e pr——

MomenTu

, bm
m; =a,mg=a" + —.
3
IlenTpamau MomMeHTH:
b2 bt 316876

P2 =5 fa= pe = spok—1 =0, k€ N.

15 11

Mo u memujaua
Mo(X)=Me(X) =a.

Koedumujentu acumerpuje n cJbOIMITEHOCTH

Omnene mapamerapa

Metopa makcrmManHe BepofoCTOjJHOCTU

Onene @ n b Io MeTOIM MAKCUMAJIHE BEPOAOCTOJHOCTH NOOUjajy C€ pelaBarmheM
cucreMa

1 < 1
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3a BEJUKO N je

R 9 2 2 N 3 9 2 2
D@) ~ — ~ 0911897, b~ £3 5 ~ 0385787
nm n nm ™ n

Metona momeHaTa

Onene ¢ u b Mo MeToIM MOMEHATa OaTe Cy Ca

~ n X )2
NN eees
™ n

Heka cBojcTBa

1. Qr=a—bln3, @Q3s=a+bln3.

b
V3a

3. I'yctura pacmomesne je cuMeTpudHA y OMHOCY HA & = @.

2. Cy(X) =

X
4. Axo X : LGS(a,b), Tana a

: LG(0,1).

Bese ca npyrum pacmonesnama

X
1. Axo X : U(0,1), rana a—l—bln1 % LGS(a,b).

2. Axo X : Ei(1), rama a —bln(eX — 1) : LGS(a,b).

IIpumena

ExkonoMmnja (Momenupame paclonese TOXOTKA), geMorpaduja, MeaunyHA.
Harmomene

1. Pacmomeny je 1800. romune yBeo Bepxamct (Pierre Francois Verhulst,
1804-1849).

2. 3a rycTtuHa g KOPUCTE Ce U APYTU OOJIUIN:

r—a
R L
= —SeC

_ 2 4 2b
b(l—i—exp{x 2 a})

g(x) =




216 Jlorucrtuura pacmonmeina

3. 3a F ce xopucre u obaunm:

. p{wa}
X
1 1 —

r—a zT—a
1—|—exp{b} 1+exp{ b }

4. Pacnonmena je y nurepaTypu Ha €HIVIECKOM ITO3HaTa W Kao Sech squared
distribution.

5. Pacnmomena ce kopucTu Kao anmpoKCuUMAaIyja 3a pasHe CUMETPUYHE PACIO-
neie.

T'emepucame

Axo je u cryuajan 6poj uz U(0,1) pacnogene, raga je x = a+bln 1 Y

ciydJa-

jam 6poj mu3 pacnonesre LGS(a,b).
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JIOTYICTUUKA PACIIOJEJIA LGZ(a,b)

(3aceuena, qBomapaMerapcka)

I'ycTtuna

ITapameTpm

a (a € R) — nmapamerap snokanuje, b (b > 0) — mapamerap cragupama.

I'paduk rycrune




218 JlorucTuuka 3acedyeHa pacrnomena

$yHKITIja pacionesie

09 a=1 1
08 q
0.71 J
05l b=t ]
b=0.8
04f 1
03t 1
02 J

01 J

1 1.5 2 25 3 35 4 4.5 5
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JIOTYICTUUKA PACIIOJEJIA LG1(a)

(jemmomapameTrapcka)
I'ycrura

ae™”
g(]}) = W, T € R.

ITapameTrpu

a (a > 0) — napamerap o0JIHKa

I'pa¢uk rycrune

0.35

0.3F

a=5
0.25¢ ‘ /

0.2f "'

a=1 a=2
0.15F

0.1} a=0.5

0.05F
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220 Jlorucrtuura pacmonmeina

$yHKITIja pacionesie

1
F = .
(2) AT ey r€R

Kapakrepuctuuna ¢pyHKIMja

ot) = r(1- zi)(z)(a +it)

Hexka cBojcTBa
1. ®ynrumja pacunomesne je pememe nuepeHjATHE jeJHAUNHE

(1+e ®)F —ae *F =0.

2. Pacnomena je meratuBHO acmMeTpudyHa 3a a < 1 ¥ NO3UTUBHO acCHMeT-
puuna 3a a > 1.

Bese ca npyrum pacmnonesama

1. LG1(1) = LG.

X
2. Arko X : B(1,b), rana lnl X LG1(b).

X
3. Arko X : F(2,2a), rama —ln; : LG1(a).
4. Ako X : GU,aY : GU(a), rtana X =Y : LG1(a).

X
5. Ako X : PARI(a,b), rana —In <b - 1> : LG1(a).

6. Ako X : LG1(a) tama ce —aX mnoHama Kao ciydyajHa IPOMEHJLUBA Ca
pacnozxenom E(1) 3a a =~ 0.

7. Ako X : LG1(a) Tanma ce, 3a a noBoswHO Beauko, X — lna momama kao
cllydajHa IpoMeHbuBa ca pacrnoxeiaom GU.

IIpmmena

Eronomnja, nemorpadguja.
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JIOTYICTUUKA PACIIOJNEJIA LG2(a)

(jemmomapameTrapcka)
I'ycrura

ae— o
g(]}) = W, T € R.

ITapameTrpu

a (a > 0) — napamerap OOJIHKA.

I'pa¢uk rycrune

0.35

0.3¢ a=5

0.25F / a=1
a=2
0.2+

0.15¢
a=0.5
o1} /
0.05f
0 1
-10 -5 0 5 10
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222 Jlorucrtuura pacmonmeina

$yHKITIja pacionesie

Bes3e ca npyrum pacmonesama
1. Ako X : LG1(a), rama —X : LG2(a).

2. LG2(1) = LG.

Harmmomena

Pacnonena je mo3Hara m ka0 yommTeHa JOTMCTUYKA pacnomesna tuma 1.
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JIOTUUCTUYKA PACIIOAEJIA LG3(a)

(jemmomapameTrapcka)

I'ycrura

ITapameTrpu

a (a > 0) — napamerap OOJIHKA.

I'pa¢uk rycrune

05 T T T

0.45¢

0.4F

0.35F

0.3F

0.25F

0.2r

0.15¢
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224 Jlorucrtuura pacmonmeina

Kapakrepuctuuna ¢pyHKIMIja

['(a — it)D(a + it)

A= )

TI'emepaTpmuca momeHaTa

M(t) = I(a—t)l(a+1) It < a
((@)* .

MowmerT;
mi :Ov D(X) :212[}/(0“)7
rme je ¢ murama QyHKOUja (BI/IILeTI/I Honatak).

Koe¢punujerTn acuMmerpuje n CIJbOMITEHOCTU

7T1(4X):07 WQ(X):%/;({J;;))Z.

Heka cBojcTBa
1. I'yctura pacnogena je cuMmeTpudHa y omHocy Ha x = 0.

2. Pacnomena mma 'mebspe’ KpajeBe o1 KpajeBa HOPMAaJIHE PACHOIENE.

Bese ca npyrum pacmonesamMa

1. LG3(1) = LG.

2
2. Ako X : LG3, Tamga 3a BeJUKO a CIyYajHa MPOMEHILUBA \/7X nMa
a

npubawmwxao N (0,1) pacnonedy.
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JIOTUCTUYKA PACIIOAEJIA LG4(a,b)

(mBomapamerapcka)
I'ycrura
1 ebr
g(l’) = B(a,b) ’ (1 + efm)aera r€R
ITapamerpu

a,b (a,b>0) — mapamerpu obuKA.

I'paduk rycrune

0.45 - . .

041

0.35¢

0.3r

0.25}

021

0.15}

011

0.05¢
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226 Jlorucrtuura pacmonmeina

Kapakrepuctuuna ¢pyHKIMIja

D(a+it)T(b— it)
L(a)T(b)

p(t) =

I'emeparpuca momMmeHara

T(a+ Db —t)

M®) = —Torm

—a<t<b.

MomenTnu

my =1(a) = (), D =1'(a)+' (),

rae je ¢ murama ¢ysriuja (Bumern Jlonmarak).

KoepunujerTn acuMmerpuje n CIJbOMITEHOCTA

¥ (a) — 9" (b)
(¥'(a) + ¢/ (0))3/2

_ 1/)/”(0/) _|_ w///(b)
—2 .

X = (@) +90)

7T2(X)

Hexka cBojcTBa

1. 3a a < b pacmogesa je necHO acUMeTpUUYHa, 3a a < b je neBO acumer-
puuHa, a 3a a = b je cuMeTpuyHa.

2. Aro X : LG4(a,b), rama —X : LG4(b,a).

Bese ca npyrum pacmonesnama
1. LG4(1,1) = LG.

2. LG4

5. Axo X : Ba,b), Tama In : LG4(a,b).

1-X
6. Axko gex : F(2a,2b), tana X : LG4(a,b).

7. Aro X,Y : LGG1(a,b), tama X =Y : LG4(a,b).
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8. Axo X : LG4(a,b), Tama 3a Besuke BPEAHOCTU MapaMeTpa ¢ CIydYajHa
npoMeHmbuBa X MMa TPUOIUKHO JIOTHOPMAJHY PaCIonesy.

9. Ako X : LG4(1,)), rana 3a Benuke BPeOHOCTU TapaMeTpa b ciydajHa
npoMensuBa X uma npubmwiao Wi(l) pacnoxemy.

Hamnomene

1. Pacnozmena je y JuTepaTypu Ha €HIJIECKOM MHO3HATa W Kao exponential
generalized beta of the second type.

2. Pacmomena je mo3HaTa u Kao yOIIITEHA JOTMCTUYKA pacmomesna tuma [V.
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JIOTUCTUUKA PACHOJEJA LG5(a)

(jemmomapameTrapcka)
T'yctunma

1
(1 - az)V/o-1 xfa 3a a>0
(1+ (14 e )t/a)2’

g(x) = 1 .
r>—,zaa<0
a

ITapamerpu

a (a #0) — mapamerap obJUKa.

I'pa¢ux ryctune

0.4 0.4
O<a<1 -1<a<0
0.2 0.2
0
-2 0 2
1
a=1
0.5
0
-2 -1 0 1
6 6
4f @1 4 a<—1
2 2
0 0
-2 -1 0 1 -1 0 1 2

228



Jlorucrtuuka pacnonena 229

Cueneha camka npukasyje QyHKIMje TyCTHHE 3a PA3JIMIUTEe BPEAHOCTU Hapa-
MeTpa a y caydajy 0 <a < 1.

0.7

0.6

0.5

0.4

0.3

0.2

0 L L L L L
-1 -0.5 0 0.5 1 1.5 2

Cneneha cnuka npukasyje QyHKOUje TYCTHHE 3a PA3JIMYIUTE BPEIHOCTH Hapa-
MeTpa a y ciaydajy a > 1.

120
100 a=6 —» ]
801 1
a=4 >
a=2.5
60 1

a=3

40} a=2 |
3 04 0.

-0.1 0 0.1 0.2 0 5 0.6




230

Jloructuuka pacnoonesa

$yHKITIja pacionesie

1

Fz)= ———————— z€R

1+ (1—azx)l/e’

Bese ca npyrum pacmnonesnama
1. 3a a — 0 nob6uja ce pacnogesna LG.

2. Aro X : LG5(a) (a > 0), omma —X : LG5(—a).




96
JIOTYICTUUKA PACIHOIEJIA LG5Z1(a)

(3aceuena, jemHomapamMeTrapcka )

I'ycrura

ITapameTpu

a (a > 0) — mapaMerap obJUKa.

I'pa¢uk rycrune

0.8

35

231



232 JlorucTuuka 3acedyeHa pacrnomena

$yHKITIja pacionesie

09r a=06 1

08t a=0.3 1

=0.5
& a=0.4
0.6 1

04f 1

021 J

01 J

Bes3e ca npyrum pacmonesama

3a a — 0 noduja ce pacnonesna LGZ1.
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JIOTUCTUYKA PACIIOAEJIA LG5Z2(a,b,c)

(3aceuena, TpomapameTapCka)

I'ycrura

B (1 —azx)t/et _1/1-b “ 1/1-c “
9() = (c=b)(1+ (1 —ax)t/e)?’ ! a\ b srsl a\ ¢ ’
ITapamerpnu

a (a > 0) — mapamerap obmuka, b,c (0 < b,c <1, b < ¢) — mapamerpun JoKamuje.

I'pa¢uk rycrune

121 B
b=0.2, c=0.6
1r 4
0.8 1
0.6 i
0.4 1
a=0.2
0.2F \ 4
0 | | | | | |
-6 -5 -4 -3 -2 -1 0 1
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JIOTUCTUYKA PACIIOAEJIA LG5Z3(a,b)

(3aceuena, mBomapaMeTrapcka)

I'ycrmra

(z) = 2(1 — az)t/o1 bepet 1(1=0 ¢
gx_b(l—l—(l—ax)l/“)g’ =T=4"a '

ITapamerpu

a (a > 0) — mapamerap obauka, b (b € (—1,1]) — mapamerap nokanuje.

I'paduk ryctune

1.4
a=0.5 1
b=0.8
) /\/ A
0.6 B
b=1
0.4 / b
0.2F i
O | | | | | | | | |
0 0.2 04 0.6 0.8 1 12 14 1.6 1.8 2
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JIOT-KOIIIMJEBA PACHOJIEJIA LK (a,b)

(mBomapamerapcka)
I'ycrura
1 b
g(x) = Pl gL x> 0.
ITapamerpm

a (a € R) — mapamerap mokammje, b (b > 0) — mapamerap obJuka.

I'pa¢uk rycrune

161 R
b=0.1 a=0

14f / .

121 B

1 i

0.8 i

b=0.5

0.6 B

0.4 i

02 b=0.8 ]
0 | | | | |

0 0.5 1 15 2 25 3
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JIOTJIOTUCTUUYKA PACHOJIEJIA LLG1(a)

(jemmomapameTrapcka)

I'ycrmra

axafl

(1+z2)2’
ITapamerpu

a (a > 0) — mapamerap oGJHEKA.

I'pa¢ur rycrune

236
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JIOTJIOTUICTUUKA PACIIONEJIA LLG2(a,b)

(mBomapamerapcka)
I'ycrura
g(x) = —a;z:“*; 5 T> 0.
(14 (5))
ITapamerpu

a (a > 0) — mapamerap obauka, b (b > 0) — mapameTap CKaIUpama.

I'padpuk rycrune

b=05 a=2

08

0.6 b=1

041 b=2

0.2
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JIOTJIOTYICTUYKA PACHOIEJIA LLG3(a,b,c)

(Tponapamerapcka)

I'ycrmra

a—1 a\ —2
r—cC 1 + r—cC r>ec
b b ’ ’
ITapamerpu

a (a € R) — napamerap obauka, b (b > 0) — mapamerap cragupama,

¢ (¢ > 0) — mapamerap Jokamuje.

I'pa¢ux ryctune

1.4

a=1
121 b=05 ]
/ c=2
1+ |
08l 1
06 b1 1
04f be |
02 1
0 | | | | |
1 15 2 25 3 35 4
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Jlornorucruuka pacnonena 239

dyHKIMUja pacmonesie

Fla) = <1+ (xbc)a>_1, .-

MomenTn
_ Tese T 2 (e T (Tese ™Y
ml—c+b<acsca>, D(X)—b( cse ( cse ))
Mo nu memujana

1
Mo(X):c+b(a
a

1/a
) , Me(X)=c+b.

KoedpunmujenTn acumerpuje m CIJbONITEHOCTH

T ™ 27 3T
212 csc® — — Gam csc — csc — + 3a® csc — A
a a a a
m(X) = 372 , m(X) = 5 — 3
( 27 7r> B
2
V7 | 2acsc — — wese® —
a a
rme je
3 4T 9 m 3T 3 4 9 g T 0
A= —3m°csc” — — 12a”mw csc — csc — + 4a® csc — + 6aw” csc” — csc —,
a a a a a a

B =mesc?

s 2T
— — 2a.csc —
a a
u rae je csct = 1/sint.

Hexka cBojcTBa

1. Momernar pema k mocroju camo 3a k < a.

b 1/a
2. Q1:C+31T, Q3:C+b3/

Bese ca npyrum pacmonesnama
1. LGG3(a,b,0) = LGG2(a,b).

2. LGG3(a,1,0) = LGG1(a).




103
JIOTHOPMAJIHA PACIIOJIEJIA LN,(m,o?)

(mBomapameTapcka)

I'ycrmra

ITapamerpu

m (m € R) — napamerap obauka, o (o > 0) — napamerap cKaJaupama.

I'paduk rycrune

25

m=0

240



JlorEopMmasisa pacmoneina

241

dyHKIMUja pacmonesie

1 1 1 22
S >0
o 23 (2’2)’ °=
)11 122
i 0
2 2 (2’ 2 ) e
. Inz —m .
rne je z = ———, a P HemornyHna rama ¢ymknmja (Bumetu Jlomatak).
g
Eurponmuja
H(X)=-+-In(2n0°)
MomenTn

2 2
mr:e’l‘m-'rTO' /2’ r € N.

. 2 .
Axo je w=¢€7 , Tana je

" r/2z ( ) (r=3)(r—j+1)/2

CuenujaHo:

pr = emw? gy =Mwlw—1), ps =MW (w—1)%(w+2),

ps = e (w — 1)%(w* 4 203 + 3w? - 3).

Mon u memujana

Mo(X) =S, Me(X)=em,
w
npu veny Baxku Mo(X) < Me(X) < mjy.

KoedpunmujenTr acumerpuje u CIJbONITEHOCTH

m(X) = (w—-1D)Y2w+2), m(X)=uw"+2®+3uw?

$yHKIja BEPOIOCTOJHOCTU

1 1 «
L= — Y (InXj —
o (21)" 12X X - Xy, exp{ 2% z:: 02k

— 6.




242 JlormopmaJsana pacmomeia

Omnene mapamerapa

METOHB MaKCrMalJlHe BepO,ﬂOCTOjHOCTVI

2

OueHe M U 0° 3a HEIo3HATe nmapaMeTrpe m m 0'2 naTe Cy Ca

1 ~ 1 < 12
==Y InX e In X;, —m)°.
m n,;n Ky, O n,;(n g —m)

Onena M je HempucTpacHa U epUKACHA, IPU UeMy je
o 1 2m
D(m) = —-e""w(w — 1),
n
a olleHa 02 je aCUMITOTCKA HePUCTPAcHa, TPU deMy

E(?) = LN o2, n — oo.
n

Onena 3a m je ncra u ako je mapamerap ¢ HO3HAT M MMa MCTa CBOjCTBA.

A¥ko je mapamerap m TmO3HAT, Ol€Ha 3a 0° je maTa ca
n
A 1 2
02 =~ g (In X, —m)
n
k=1

U OHA je HeNIPUCTPAaCHA, CTaOMIHA U epUKACHA.

Metona mMomeHaTa

Axo je
1 — 1 —
2
Mlsz Xk, MngEXk,
n n
k=1 k=1
OoeHe ﬁ’L n 52 oo MeToaun MOMEHaTa JgaTe Cy Ca

— M}
m =In L

72 =1In M,
VA M2

OBe ormeHe cy aCUMIOTOTCKUA HeOpUCTpacHe u crabuinre. ucnepsuje omeHa cy

1
(v +49° +297),

- 1 -
D(m) = —(74 + 493 — 292 + 4), D(og) =

an
rme je vy =w — 1.
Hexka cBojcTBa

1. TTomro je m(X) > 0 n m2(X) > 0, pacnomena je MO3UTUBHO acUMeTpPUYHA
u uMa ' nebese’ Kpajese.

2. Ako X : LNy(m,o?), rama e*X" : LNy(a+ bm,b%0?)




Jlormopmanna pacmomeia 243

3. Axo cy Xi,...,X, HesaBucHe cayuajme mpomensuBe ca LNz(m,o?) pa-
1 & o?
CTIOMEJIOM, Tald — E InX; : N (m,), OTHOCHO
n n
k=1

0_2
VX1 Xn : LNy (m )
n

4. Axo X; : LNy(m,o?) (k=1,...,n) n ako cy Xi,...,X,, HeszaBuCHe ciy-
JajHe MpOMEHJLUBE, Tala,

X1Xo--+ X, + LNy (nm,o0f + 05+ +o02).

Bese ca npyrum pacmonesnama
1. LNQ(’ITL,O'2) = LN3(m702,0).
2. Ako X : LN3(m,0?), Taza In X : N(m, o) u o6pryTO.

In X —
3. Ako X : LNy(m,0?), Tana e -m N(0,1) m o6payTO.
o

IIpumena

Kammaromnoruja, ekoHOMUja, TeneKOMYyHUKAIN]e, KOHTPOJIA KBAJIUTETA, NEOJIOTN]a,
MeauIHa, ODMOXeMrja, MeTeopoIoroja.

T'erepucame

Cuyuajan 6poj x W3 JIOTHODMAaJIHE pacHolese Moxke Ia ce noduje ca x = €7,
rae je z caydajaH Opoj M3 HOpMAaJIHE PacIoIee.




104
JIOTHOPMAJIHA PACIIOJIEJIA LNs(m,02,c)

(Tponapamerapcka)

ITapamerpu

m (m € R) — mapamerap obauka, o (0 > 0) — mapamerap crammpama,

¢ (c € R) — nmapamerap JoKamuje.

I'pa¢uk rycrtune

0.7

m=0
0.6 i
o=1

051 q

c=1

041 S~ 1

c=0.5

244



Jlormopmanna pacmomeia 245

dyHKIMUja pacmonesie

F(z) = @(In(x — ¢)),

rae je ® pymrmmaja pacmogese 3a N(m,o?).
MomenTn

my(X) = (;) c’ukekm+k2”2/2, r € N.
k=0

CrnenujaJHo:
mi(X) =c+e™Vw, ma(X)=c?+e* +2ce™Vw, D(X)=e"ww-—1),
A 2
rue je w =e? .
Mo nu memujana

Mo(X) :c+em_”2, Me(X)=c+e™m.

dyHKIIMja BEPOOOCTOjHOCTUA

n 1 n
InL=-nlnoc —nlnv2r — Zln(Xk —c)— —Z(ln(Xk —c) —m)>.

k=1 k=1

Omene mapamerapa

MeToga makcumanHe BepoJoCTOJHOCTU
Axo je mapamMeTrap ¢ mO3HAT, OHIA Cy OIE€HE 3a M U 0 maTe ca

n

1 o1 .
m=— E In(Xy —¢), 02=— E (In(Xy — ¢) —m)?.
n n
k=1 k=1
— Ako je mapamerap ¢ HEIO3HAT, OLlEHE C€ MOr'Y HOOUTU U3 CUCTEMA

5‘111L70 ﬁlogLio OlnL
om do dec

0,




246 JlormopmaJsana pacmomeia

rue je
OlnL 1 —
o = o2 (In(Xy —¢) —m),
k=1
OlnL n 1 &
= —+ =) (In(Xp —c)—m)?
oo U+03;(n( ko) —m),
OlnL " 1 I < In(X, —c)—m
S RLIEIR Mt e
om kZle—c 0% X, —c
MeTtoga momeHaTa
Omene ce nobujajy m3 cucrema
c+e™w = X,
Amu(w—1) = ?i,

(wW+2)Vw—-1 = Cs,

rme je
n

Cs = 1 Z(ln(Xk —c) - X)%.

Bes3e ca npyrum pacmonesnama
1. LNg(m,O'z,O) = LNQ(m,02).
2. Ako X : LNy(m,0?), tana X +c : LN3(m,o?, c).

3. Axo X : LN3(m,o02,¢c), rama In(X —c¢) : N(m,o?).

IIpumena

KaumaTtomoruja, ekoHoMuja, TeIEKOMYHUKAIAje, KOHTPOJIa KBAJIUTETA, Te0JIOTH]a,
MeUIHA, OMOXEeMUja, METEOPOJIOTUja, XUAPOJIOTHU]A.

T'enepucan.e

Axo je z cayuajan 6poj w3 N(m,o0?) pacmomene, tama je ¥ = c + e* caydajan
6poj w3 LN3(mo?,c) pacnonedne.




105
JIOTHOPMAJIHA PACHOIEJIA LN,(m,02,c,\)

(ueTBOpOMApaMETAPCKA)

ITapamerpu

m (m € R) — napamerap obauka, o, A (o, \ > 0) — mapameTpu CRaIupama,

¢ (c € R) — napamerap JoOKanuje.

I'pa¢uk rycrune

0.7

m=0
0.6 i
=2 o=1
/ c=0
0.5F B
0.4 1
=1
0.31 / 1
0.2 i
1=0.5
0.1 / i
0 | | | | | |
0 05 1 1.5 2 25 3 35 4



248 JlormopmaJsana pacmomeia

Be3se ca apyrum pacnoomnesama
1. LN4(m,02,0,1) = LNy (m,c?).
2. LNy(m,0?%,¢,1) = LN3(m,0?,c).

—C

X
3. Ako ln( ) : N(m,0?), tama X : LNy(m,02, ¢, \).




106
JIOTHOPMAJIHA PACIIOEJIA LNU(m,02,a)

(yommrena, TponmapamMmeTrapcka)

I'ycrura
(x) 1 gz —mp* b, w0
Tr) = ex — ogr —m x .
g 2zat/aoT (14 1/a) P a0 8 ’
ITapameTpm

m (m € R) — napamerap obauka, o (o0 > (0) — mapaMerap ckaaupama,

a (a > 0) — napamerap OGIHKA.

I'pa¢uk rycrune

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

249
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MAKCBEJIOBA PACIIOIEJIA MAX/(a)

(jemmomapameTrapcka)

I'ycrmra

2 22 z?
g(z) = \/;agexp{—%“z}7 x> 0.

ITapamerpu

a (a > 0) — mapamMeTap craJupama.

I'pa¢uk ryctune

a=0.5

it W7

081 a=0.8

/

061 a=1

/ a=2 a=2.5 a=3

0] /

0.2r

250



Makcsenosa pacmoonesa

251

dyHKIMUja pacmonesie
3 a?
— _ — > .
F(x) P<2’2a2)’ x>0

MomenTu

2
\fz’“k!ad r=2k—1,
m, = ™

(r+ D", r=2k.

CrenujaJHo:

/8 8
my = ay/ — ~ 1.596a, D(X) = a? (3 — ) ~ 0.6735a2,
™ s

8 16 8
L3 = \/13 ( - 5) ~ 0.1483a®, 4 =a (15 - ) ~ 12.4535a".
™ e e

Mon u memujana

Mo(X) = 1.414a, Me(X) ~ 1.538a.

KoedpunmujenTn acumerpuje u CIJbONITEHOCTH

8 16/m — 15 —
m(X) = \/;6/”5 ~ 048569, ma(X) = 28T _ 3010818,

(3 —8/m)3/? (8 —8/m)?

Hexka cBojcTBa

1. Q1 ~1.10115a, Qs ~ 2.02691 a.

2. Pacnogena je mo3aUTUBHO acUMeTpPUYHA.

Bese ca npyrum pacmonesnama

1. MAX(a) = x(6,0,a)

2

X
2. Axo X : MAX(a), rana %2

. G(3/2).




252 MaxkcBesioBa pacnonena

ITpumena

Pusuka (kuHETHUKA Teopuja).
Hamomene

1. Kopucre ce u caenehu obmunu 3a ryctuny pacmnompese

4 2 .732 463 9 242
g(x)zmx eXP{—bz}, 9(30):%33 € )

1
npu demy je b=av2 u ¢ = 7
a

2. Pacnomena je mobwmma wmme mo mrorckoMm ¢$usmuapy Makcsery (James
Clerk Maxwell, 1831-1879).

3. Axo je v = (vg, vy, ;) BeKTOD Gp3WHe uMja cBaka kKommoHeHTa nMa N (0, 02)
pacnozneny, Tana |[v]?/o? mma x%(3) pacnozeny, a |v| mma M AX (o) pacnozneiy.
T'enepucan.e

ITocToju Bume moryhuocTu.

2

3
1. U3 jemnakoctu F(x) =y caemu ma je P (2, ;2> =y, ma je
a

3
r=ay/2P~! (2,y>,

rae je P~! unBepsna ¢pyHEMMja HemoTmyHe rama (yHKIT]je.

2. Cayuajan 6poj x u3z M AX(a) pacnomene Moxke ma ce mobuje ca

1
— 2. /2 2 2
x—a zi + 25 + 23,

rue cy z1, 22,23 HesaBucHU caydajuu 6pojesu u3 N(0,1) pacnoneue.

3. Cayuajan 6poj =z u3 MAX(a) pacnomene Mosxke na ce mobuje ca = =
22/2a?, rue je z cayuajam 6poj ms G1(3/2) pacmomene.




108
MOJAJIOBA PACIIOJIEJIA MO

(Cranmapmna)
I'yctura
1 1 _
g(z) = mexp {—2(x+e “”)} z€R
ITapameTpu

Hewma mapamerapa.

I'pa¢uk rycrune

0.25

0.2

0.15[

01

0.05[

253



254 MojamoBa pacmoneina

$yHKITIja pacionesie

Kapakrepuctuuna ¢pyHKIIja

o(t) = 2\/;r (; - z't) .

MomenTu

2

7
my =24y~ 127036, pp = o~ 49348, = ot~ 170.4650.

Koe¢punujerTu acuMmerpuje n CIJbOMITEHOCTU

m(X) (3) ~ 153514, (X)) =4.

28v/2
=5 ¢
e
ITpumena
Pusmra, xemuja.
Hamomena

Pacnogeny je yBeo Mojaa (J. E. Moyal) 1955. rommue npoy4asajyhu npobrem
joHU3anuje.

T'emepucame

U3 F(z) =y caenu

1 e™®
1-Pl=,— | =y,
na caydajan 6poj uz MO pacnomene Moske na ce poduje ca

z=—In(2P7(1/2,1 —y)),

rae je P~! unBepsna ¢yHKmMja HemoTmyHe rama (yHKIU]e.
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HAKATAMUJEBA PACHOJIEJIA NK (a,b,c)

(Tponapamerapcka)

T'yctuna

() = g (xg)xp{_ (ﬁ)} r>a

ITapamerpu

a (a € R) — mapamerap soranmje, b (b > 0) — mapamerap craaupama,

¢ (¢ > 0) — mapamerap obJuKa.

I'pa¢uk rycrune

a=0
c=1

b=1

0.5r 1
c=3

255



256 HakaramujeBa pacmoneina

$yHKITIja pacionesie

MomenTu
I (c + ;) b212 (c + ;)
_ 12 _
mi=a+b ) D(X)=1b T

Koedpunmujentu acumerpuje u cJbOIMITEHOCTH

- 213 (c+ ;) +T%(c) (F <c+ 2) —3cl (c+ ;))

1 3/2
2F2 -
c (c—|— 2)

I'2(c+1)

) | c—

—6T4 <c + ;) — 3¢’ T () + I3 (e)T(c + 2) 4+ 2374¢(4e — )72 (20)

CEnEE)

7T2(X) =
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HOPMAJIHA PACIIOEJIA N(0,1)

(ctanmapaua)
I'ycrura
g(x) = \/lz?exp{—;af} , T€ER.
ITapameTpm

Hewma mapamerapa.

I'paduk rycrune

0.4

0.35[

0.3

0.251

0.2

0.15[

01

0.05

257



258 Hopwmanna pacnonena

$yHKITIja pacionesie

F(x);(leerf\%), T € R,

rze je erf pynrnuja rpemke (Buzetu lonaTtak). YobudajeHa o3HAKA 33 (YHKIU]Y
pacmogmene crapmapHe HopMmasHe pacmonerne je .

Enrponuja

Kapakrepuctuuna ¢pyHKIMIja

plt) =2
MowmenTNI
2k -1, r=2k
my = , keN
0, r=2k—1
CrnenujaJHo:

Hexka cBojcTBa

1. I'yctuna pacnomesne je cuMmeTpudHa y omHocy Ha = = 0.

1
2. Makcumym ¢pynrmuje ryctuue je g(0) = —— = 0.3989.

V2
3. IIpesojue rauke ¢pyHrnuje rycture cy £ = —1 n z = 1.
4. Pacnonena nma 'tanke’ kpajeBe. Ha mpumep,

P{|X| > 2} = 0.0455, P{|X|>3}~0.0027, P{|X|> 4|} ~0.000063.

5. 3a T — 00 Baxku

WU TPEU3HY]e




Hopwmanna pacnonena 259

6. Ako X,Y : N(0,1) u ako cy X u Y HesaBucHe ciaydajHe TPOMEHJbUBE,
Tana

2XY X2 -y?

\/ﬁ : N(O,l), \/ﬁ : N(071)

Beze ca opyrumMm pacnomgesama

X,—m

1. Ako X1,..., X, : N(m,0?), tana ———+/n : N(0,1).
o

2. Axko X : N(0,1), rama X? : G5(1/2,2,0).

3. Ako XY : N(0,1) u ako cy X u Y HesaBuche ciydajHe IPOMEHJbUBE,
rana 2 2 2
X“+Y X X
— : F(1 — . C(1 — : F(1,1).
2 ( )’ Y ( )7 Y2 ( ? )
4. Ako XY : N(0,1) u ako cy X u Y HesaBuche ciydajHe IPOMEHJbUBE,
X2
Taga W : AS2

5. Axo X1,X5,X3,X4 : N(0,1) u ako cy X1, Xo, X3, X4 He3aBUCHE CcaydajHe
OpOMEHJBMBE, Tada

X2+ X2
B 12+ - : U(0,1).
X2+ X2+ X2+ X2
6. Ako X1,...,X,, : N(0,1) m ako cy Xi,...,X, HesaBucHe ciydajHe

IIPOMEHJ/bUBE, Talda
X3P+ X3+ + X2 X2(n).

7. Axo X4,...,X, : N(0,1) u ako cy Xi,...,X, He3aBUCHE CiydajHE
OpOMEHJBUBE, TaIa

X3 _ 1 n—-2
X2 X3+ +x2 0 \2 2 )

8. Arko Xi,...,X,, : N(0,1) u ako cy Xi,...,X, HesaBucHe ciydajHe
OpOMEHJBUBE, Tala

VXF X34+ X2) : x(n).

9. Axo X,X1,...,X, : N(0,1) m axo cy Xi,...,X,, HE3aBUCHE CiydajHE
OpOMEHJBUBE, TaIa

X
ViR + X3+ X2)

: t(n).
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Hammomena

1. Pacnogena ce 3oBe u l'aycosa cranmapasa pacnozesa 110 HEMAYKOM Ma-
remarnuapy Iaycy (Carl Friedrich Gauss, 1777-1855).

2. I'padur rycrmae nMa 3BOHACTH OOJIVK.

T'enepucan.e

IlocToju Bume paszaUUUTUX MeTOoma 3a TeHepUCcame CiydvajHor Opoja m3
N(0,1) pacuogene. Ha npuwmep,

1. Ako je u, 30up n cayuajuux 6pojesa u3z U(0, 1) pacnomere u ako je

Up —N)2
Vn/12’
TaJa Ha OCHOBY IEHTpaJIHEe TpPaHUYHE TeopeMe cleau Oa je O0poj T, U3

pacmomene Koja je TPUOJMKHO HOPMAJIHA 3a& BEJIWKE BPAHOCTA N. Y
MpaKCHU je Yak HOBOJHHO y3etu n > 12. 3a n =12 je x, = u, — 6.

Ty =

2. Ao ¢y u u v cayuajau 6pojesu uz U(0,1) pacnonerne, tana cy O6pojesu
T Uy, naTU ca

r=+v—2Ilnusin27v, y=+v—-2lnwucos2mv,

HesaBucHU caydajuu 6pojesu u3 N(0,1) pacmonerne.

3. Heka cy u m v cayuajuu 6pojesu u3 U(—1,1) pacnogere u meka je

[ 1
w=u2—|—v2, z= —22.
w

Axo je w < 1, Tama cy uz u vz He3aBUCHU caydajuu opojesu u3z N(0,1)
pacnogese. ¥ nporusaoM (w > 1), TeHeprcaTt TOHOBO U U V.
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HOPMAJIHA PACIIOJIEJIA N(m,o2?)

(mBomapamerapcka)

I'ycrura

ITapameTpmu

m (m € R) — napamerap aokanuje, o (o > 0) — mapamerap cKaaupama.

I'pa¢uk rycrune

0.8

0.6

041

0.2
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$yHKITIja pacionesie

F(@:(I)(gc;m) :;<1+erfxai/;n>, r € R,

rae je @ pysrnmja pacnomerne cragmapaae HopMmasane pacuogene N(0,1), a erf
¢ysrnuja rpemke (Bugetu lonarax).

EuTponmnja

H(X) = 5 +In(o V7).

KapakrepuctnuHa ¢pyHKImja

. o?t?
©(t) = expq imt — - (-

T'emepaTrpuca MmomMmeHaTa

2t2
M(t) = exp {mt+ 02} .

MowmenTu
s
m, = ijarﬂozr_j, r e N,
Jj=0
rje je a MOMeHaTa pena k crammapaHe HopMmauaHe pacmnonere N(0,1).
CuenujatHo:
mi=m, Mo = m? + 02, ms = m? + 3m02, my = m* 4+ 6m20? + 35

Baxxkn un
(r—Dlo™, r =2k,

E|X|" = keN.
\/227"7“!07", r=2k+1,
3a meHTpaJiHe MOMEHTE BasKU
Hr = O-Ta’m (S Na

Kao n

" 1
E|X —m|" = %2”% (’é) . or>—L

Crnenujanso:

po = D(X) =02 4 =30"
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Mon n memujana
Mo(X) = Me(X) =m.
Koe¢punujenTn acumerpuje U CIJbOMITEHOCTH
7T1(X) = 7T2(X) =0.

dyHKIja BEPOIOCTOJHOCTU

1 - (JXZ‘—’ITL)2
b= G exp{_i 207 }

Omene mapamerapa

Kako je
0 1 &
a—mlnL = ﬁi;(xl—m),
—InL = —i—i-i . (C; —m)?
o2 N 202 204 4 ! ’

2

omeHe M U 02 3a M U 0%, IO METOI MAaKCUMAaJHe BEPOJOCTOJHOCTH, JaTe Cy Ca

IIpema ToMe, y30pauka cpeluHa je OIleHA 3a M W OHA je HEIIPUCTPACHA, a y30-

2 u oHa je mpucTpacHa. Y MecTo oleHe 02 Moe

pauka gucrnep3unja je olleHa 3a O
a ce y3Me OlleHa 02 Koja je jemHaka MOAUPUKOBAHO] Y30PAUKO] AUCTIEP3UjU U
KOja je HempucTpacHa.

Ogrosapajyhe onene ¢ u 0 napamerpa o cy gare ca o = S, 10 =

Ipu 4YeMmy je IpBa IPUCTPACHA,
2/nI" (n/2
Bis) - Y2 @/2)
I'(n/2-1/2)

a Ipyra HempucTpPacHa.
Ako je mapamerap m To3HaT, olleHa 3a 02 je yszopauka muctepsuja D2. 3a
OIleHy mapaMeTrpa m MOXe na ce KOPUCTU U y30padka MeardjaHa Koja je Takohe

HempucrpacCHa OIIeHa Ca JIPICHep3I/IjONI T
n
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Hopmanna pacnoznena

Hexka cBojcTBa

1.

10.

11.

. Makcumyw™m rycruse je

I'ycTtuna pacnomene je cuMeTpwYyHa y OTHOCY Ha T = M.

1

o2

. Q1 =a—0.67450, Q3 =a+ 0.67450.
. IIpeBojHE Tauke rycTuHEe Cy T =M+ 0 U T =M — 0.

. Ako X : N(m,0?), tama je P{|X —m| < 30} ~ 0.997. Osa uumenuma je

[IO3HATa KA0 'TPaBUIIO 30 .

2

Onm cBux pacmnomena ca CpedmhOM BPEAHOMNY M W AUCIOEP3U]OM 0°, Haj-

Behy emTponmjy mvma HOpMagHa pacnomena N(m,o?).

Hopwmasna pacnogesa mpumanga Kjiacu CTAOWIHUX pPAaCIomesia, a CaMUM
TUM U KJIACU OECKOHAUHO JEeJbUBUX PacIonelia.

Axo X : N(m,0?), tama aX +b: N(am + b,a’c?).

Axo Xi,...,X, : N(m,0%) u ako cy Xi,...,X, He3aBuUCHe ciydajHe
npoMensbuBe, Tana X, : N(m,o2/n), a X, u S2 cy He3aBUCHEe Be/MYUHE.

Axo X;: N(m;,02)3ai=1,...,numako cy Xi,..., X, He3aBUCHe CIIydajHe
[IPOMEHJbUBE, Ta,Ia

X1+ +X, : Nmy+---+mp, 01 +---+02).

X; : N(mj,02) 3ai=1,...,n u ako ¢y Xi,...,X, He3aBUCHe ciyuajHe
OpOMeHJbMBe, Tada Cy clydajHe IpoMeHJbuBe Y 1 Z naTe ca

Y:iaka, Z:ikak
k=1 k=1

n
HE3aBUCHE aKO W CaMO aKO je Zakbkaz = 0. Ha mpumep, ako X1, Xs
k=1
N(m,0?) u ako cy X1 m X, He3aBUCHe TpOMeHsbUBe, Taga cy u X + Xo
u X7 — X5 He3aBUCHE CiydajHe IPOMEHJbUBE, IPU Y€MY BayKu U OOPHYTO
tBpbeme (BepumrajHoBa Teopema).

Bese ca npyrum pacmomgesamMa

1.

Ako X;: N(m,0%) 3ai=1,...,nu arko cy Xi,..., X, He3aBucHe cirydajHe
NPOMEHJBUBE, Tala
X,—n
nT\/n —1: t(n-1).
n

D2

o2

SQ

Xz(n)v F : Xz(nfl)a
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2. Arxo X,Y : N(0,0%) m ako cy X m Y HesaBucHe curydajHe TPOMEHJbUBE,

rama VX2 +Y?2 : Ri(o).

3. Axo X : N(0,0%), Y : N(0,0%) m ako cy X m Y HesaBucHe ciydajHe
npomenmuse, taga X/Y : N(0,01/03), a cnyuajra npovenmuna XY mva
pacnoieny umja je TyCTHHA JaTa Ca

glx) = ! K0<x|>, r € R,

01097 0109

rme je Ky momupuroBana BecenoBa ¢ynrnmja (BI/I,lIeTI/I IlonaTak).
4. Axo X : N(m,o?), tama eX : LNy(m,o).

5. Ako Xi,...,X, : N(m,0?) u ako cy Xi,...,X, He3aBuUCHe cIydajHe
NpOMEHJbUBE, Taaa

(X1 —m)P2+ Xy —m)?+- + (X, —m)? : Gy (%’202>'

Harmomene

1. IIpyru Ha3uB 3a HOpMaJIHY pacmnomeay je [aycosa pacrnogena mako je pac-
OIeJIy IPBU YBEO U KOPUCTUO Yy alPOKCUMAIN]U OMHOMHE PAacCIoIesie eH-
raecku marematudap Myasp (Abraham de Moivre, 1667-1754) jom 1733.
romuae. Kopucre ce m HasuBu [aycos 3akoH, ['ayc-Jlannacosa pacmomena,
Apyru Jlannacos 3akoH.

2. I'pemke npy Mepemy HEKe BeIWUNHE UYECTO MMajy HOPMAJHY Paclomemny.

3. 3a mpoBepy xumorese ga garo obelierkje MMa HOPMAJIHY PaCHoIesy KO-
pucre ce pa3HU TecTOBU, Kao mto ¢y Kolmogorov-Smirnov, Liliiiefors, An-
derson-Darling, Ryan-Joiner, Shapiro-Wilk, Jarque-Bera, normal probability
plot (rankit plot).

4. 3Hauaj HOpMAaJHE PAcCOoele je Uy TOMe MTO HOOPO ampOKCHUMUPa HEKe
Opyre pacmomeiie, Kako HEIPEKUIHE, TaKO U AUCKDETHE. 3a CiIydaj am-
pokcuMaInje OMHOMHE pACIOnese HOPpMAaJHOM, omarosBapajyhe ycaose u
mBpbheme maje Myasp-JlanmacoBa Teopema.

5. Hopmamna pacmnomena, mox ompebheHUM ycioBUMa, mOOPO ampoOKCUMUPA
1 30Up BeJWKOT OpOoja HE3aBUCHUX CIYUYajHUX TPOMEHJLUBUX Ca MCTOM
pacnomenoMm. IlocToju Bume TBpbhema Koja ce Ha TO OOHOCE M CBAKO O
BUX HOCU HA3UB LEHTpasHa rpaHU4YHa Teopema .

T'erepucame

Ako je x ciyuajan 6poj u3 N(0,1) pacnogerne, Tama je y = m + ox ciydajan
6poj n3 N(m,o?) pacnogene.
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HOPMAJIHA PACIIOOEJIA NZ(m,02,T,,T,)

(3aceuena Ha [T1,T5))

I'yctunma

2
1 1 /x—m
= . — | — T <x<Ty.
9(x) T, —m T, —m\ o 27TeXp{ 2( p )}7 13T 142
P P —
o

ITapamerpu

m, Ty, To (m,T1, T € R, T} < m < Th) — mapameTpu JoKamuje

o (0 > 0) — napamerap ckanupama.

I'padpux rycrune

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05
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HOPMAJIHA PACIIONIEJIA NZD(m,02,T)

(3aceuena Ha (—oo,T))

I'ycTunma

ITapameTpm

m, T (m,T € R,m <T) — napamMerpu JOKaluje,

o (0> 0) — napameTap CKaIUpama.

I'paduk rycrune

0.7

m=0

0.6 o=1 i

T=0.5

0.51 1

04r T=1 8

0.31 1

0.2 J

T=3

01 q
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HOPMAJIHA PACIIOJIEJIA NZL(m,02,T)

(3aceuena Ha [T,+))

I'yctunma

g(z) = 1®<1Tm> ~U\}%exp{—; (x;m>2} 2> T

g
ITapamerpu

m,T (m,T € R, T < m) — mapaMeTpu JOKaIje,

o (0 > 0) — napamerap ckaJIupama.

I'pa¢ur ryctune

m=0

06 o=l J

268
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HOPMAJIHA PACIIOJIEJIA NP(m,o?)

(mpecaBujeHa, 3acedeHa Ha [m,+oc))

T'yctuna

ITapamerpnu

m (m € R) mnapamerap JOKanuje,

o (0 > 0) — mapamerap craIMpama.

I'paduk rycrune

0.8

0.7F 1
m=1
0=0.5

0.51 J

o=1

0.3F / J

0.2 0=2 1

01 J

269
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$yHKITIja pacionesie

MomenTu

T —

2 2
my =m+ \/;0 ~m+0.7980, s = D(X)= 0? ~0.36302.

Mon u menujana

Mo(X)=m, Me(X)~m+0.67450.

KoepunujerTn acumerpuje n CIJbOMITEHOCTU

V24— )

8(m —3)
m 0~869~

7T1(X): mw

~0.9953, m(X) =

O1nene mapamerapa

Axo je mapaMerap m HO3HAT, OIEHA 02 3a 02, IO METOIM MAaKCHUMAJHE BEPO-

MOCTOJHOCTH, je y30opauka mucrepsuja D2,
Bese ca npyrum pacmnonesnama
1. NP(m,0%) = NZL(m,o? m).
2. Ako X : N(0,1), rama m + o|X| : NP(m,0?).

3. Ako X1,...,X,, : NP(m,0?%) u ako cy Xi,...,X, He3aBuCHe cIydajHe
TPOMEHIBUBE, TATA

(X1 —m)P+(Xe—m)*+- + (X, —m)? : G (27202).

Hammomene

1. Nako je pacmomena crenyjaaH caydaj 3acedeHe pacloaesie ca JieBe CTpaHe,
OHA MMa MOCeOHO nMe. Y JTUTepaTypU Ha eHINIeCKOM mo3Hata je kao folded
normal distribution nmu half normal distribution.

2. 3a m = 0 pacnogena je mo3Hara u kKao error function distribution, a mena
dyHKIU]a pacnoneie je GpyHKNUja rpemke erf.
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IIAPETOBA PACIIOJIEJIA PAR(a)

(ctammapmana, jemHomapaMerapcka)

I'ycrura

ITapamerpu

a (a>0) napamerap oOJUKA.

I'pa¢uk rycrune

271
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$yHKITIja pacionesie

MomenTnu

(a>1), D(X)= (an af1>2, (a>2).

Monayc, MmenujaHa M KBaAaHTUJIN

Mo(X) =1, Me(X) =2,

Omene mapamerapa

Onena @ HENO3HATOr IapaMeTpa a, IO METOM MAKCUMAJHE BEPOIOCTOJHOCTH,
nara je ca

N n
a = .
Zlan
i=1
Heka cBojcTBa
3a g u F BasKU jeiHAKOCT ﬂ = g.
1—F(x)

Hammomene

1. Pacnozena je noOuna mMe o UTaJnjaHCKOM eKOHOMUCTH M MaTeMaTIudapy
IMapery (Wilfredo Pareto, 1848-1923).

2. Pacnonmena ce 30Be u ctangapgHa [Mapetosa. AKo ce mouerak TpaHCIUPA Y
HYJy, Tana je

a
9(z) = gz 7 >0,
a aKo ce TpaHCIUPAa 3a C, Taaa je
a
g(z) = CEREEE x>c+ 1

I'emepucame

Axo je u cmyuajam 6poj m3 U(0,1) pacmomene, Tama je © = 1/u1/“ caydJajaH
6poj u3 Pi(a) pacnonerne.
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IIAPETOBA PACIIOZEJIA PAR2(a,b)

(mBomapamerapcka)
I'ycrura
ab®
g(x) = e O > b.
ITapameTpmu

a (a > 0) — mapamerap obuauka, b (b > 0) — mapamerap snokanuje.

I'paduk rycrune

1.8

1.6f

1.2

0.6

0.4r
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$yHKITIja pacionesie

Kapakrepuctnuna ¢pyHKImja

o(t) = a(—ibt)*T(—a, —ibt).

MomernTn;
ab” b%a
my a,r(a>,’ﬂ)’ H2 ( ) (CL*?)(CL*]_)Q (G,> )7
2a(a + 1)b3 3a(3a® 4+ a + 2)b*

(a>3), Ha= 1 (a > 4).

Hs = (a—1)3(a—2)(a—3) a—1)%4a—2)(a—3)(a—4)

Mon u menujana
Mo(X)=b, Me(X)=0b2"1,
Koedpumnujentu acumerpuje u CIJbOMITEHOCTH

2(a+1 a—2 a® 4+ a? —6a—2

mO= ST

P yHKIMja BEPOOOCTOJHOCTH

n ba’ n 1
L:Hl)?@“ :a"b“"I:[qu+1.

InL=nlna+anlnb— (a+1) ZlnXl-
i=1
Onene mapamerapa

MeTo,qa MaKcrMaJiHe BepOﬂOCTOjHOCTVI

Ouene @ u b IO METOIM MAKCUMAJHE BEPOMOCTOJHOCTH CY
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TIpU YeMy Baskn
2
g : X2(2n —2),
a

a aub cy mehycobuo HezaBucHe oueHe.
Axo je mapamerap b mosmar, rana je

n -1
a=n <Zln i?) ,
i=1

mpu yemy je

n n2a2
Ea= D(a) =
o=.9% PO=G—me =y
Kao un 9
na 9
2
o L x(2n)

MeTtoga momeHaTa

OneHe ¢ 1 b mo MeTOMU MOMEHATA

a=<1—i>a, E=<1—(n_11)a)3,

Cy HempUCTpacHe U CTabWiHe, TPU YeMy je

D(@@) = (1 - 2>2D(6), D@ =

n

Hexka cBojcTBa

1. Pacnogena je acumerpudna yaecHO.

4 1/a
2. Q :b(3> . Qg =4Y%.

3. m(X) —2u m(X)— 6 rag a — oo.

Bese ca apyrum pacimomesnamMma

1. Pacmomena je cnenmjanan cayuaj [lupconose pacnogene Tuna VI (PIR6)

2. PAR2(a,1) = PAR(a).
3. PAR2(a,b) = PARA(a,b,b,1).

4. Ako X : E(1), rama beX/® : PAR2(a,b).

X
5. Ako X : PAR2(a,b), rana 2aln€ Cx3(2).
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ITpumena

Exonomuja (amamusa DOXOTKa), acTpoHOMUja (BeJMYMHA METEOPUTA), METEO-

) )
posornja (6p3uHa BeTpa), IMHIBUCTHKA, eHepreTrka (pesepBe HadTe Ha HAYTOHOC-
HUM TIOJBUMA).

Hammomene

1. Pacmogemny je yseo Ilapero (Wilfredo Marquis Pareto, 1848-1923) 6asehn
ce IpobaeMuMa, y eKOHOMMU]H.

2. Pacmonena ce 30Be u [lapetosa pacnogena pgpyre spcte. AKO ce moderaxk
TpaHcaWpa y HYILy, Tazxa je

ab®
g(x) = Grap ©20
a akKo ce TpaHCIWpAa 3a ¢, Taaa je
ab®
xr>b+ec.

g(x) = m,

T'emepucanme

b
(1 —y)t/e’
IMaperosom pacnomenom PAR2(a,b) remepume nmomohy HU3a ciaydajHux OpPo-
jeBa y ca yrupopmuoM pacnozxeaom U(0,1).

Axo je F(z) = y, Tama je x = ma ce HU3 CIYyYajHUX OpojeBa ca T
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IIAPETOBA PACIIOJEJIA PARZ(a,b,c)

(TponmapameTapcka, 3acedeHa Ha [b,d)

I'ycrura

=3 (- () () veree

ITapameTpm
a (a > 0) — mapamerap obauka, b,c (b,c € R) — napamerpu Jokanuje.

I'paduk rycrune

b=1

c=2

277
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$yHKITIja pacionesie
a\ —1 a
F(x)Z(l—(b>> (1—<b)), b<a<e
C X

Onene mapamerapa

Onena @ MakcuMaJiHe BEDPOJOCTOJHOCTU 3a HEMO3HATHU TapaMeTap a, Kal Cy
mapamerpu b 1 ¢ mo3HATH, NOOUja ce U3 jeNHAYUMHE

(2) 2

-] In- L

~ 2= 2N X - b,
ni*l

()

ITpumena

Pacnonena na¢graHmx mossa.
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IIAPETOBA PACIHOIIEJIA PAR3(a,b,c)

(Tponapamerapcka)
I'ycrura
a+bc+br _,,
g(l‘) = WCB s xr Z 0.
ITapamerpm

a,c (a > 0,c>0) — mapamerpu obuuka, b (b > 0) — mapamerap cramupama.

I'pa¢uk rycrune

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

279
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IIAPETOBA PACIIOIEJIA PAR4(a,b,c,d)

(ueTBOpOIApaMETAPCKA)

ITapamerpu

a,d (a,d > 0) — napamerpu obauka, b (b > 0) — napamerap cranupama,

¢ (¢ > 0) — mapamerap JoKanmje.

I'pa¢ux ryctune

16
14F a=2 1
b=2
12 c=1
d=0.1
—
1t 1
08} 1
d=02
06 1
d=05
04 1
02 1
0 | | | L |

280
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dyHKIMUja pacmonesie

Beze ca apyrumMm pacnomgesama
1. PAR4(a,1,1,1) = PAR(a).

2. PARA(a,b,b,1) = PAR2(a,b).
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IIAPETOBA PACIIOJEJIA PARU1(a,b)

(yommrena, msomapaMerapcka )

I'ycrmra

ax)l/a—l z>03aa<0
) b .
O<z<-3aa>0
a

ITapamerpu

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap ckaaupama.

I'padpux rycrune

0.5

b=2
a=0.8

a=0.4

a=0.6

282
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dyHKIMUja pacmonesie

1/a rz>03aa<0
F(z):17(17%> :

b .
b O<r<-3aa>0
a

MomenTu

b b2
= s M2 = e o
1+a (14 a)?(1+ 2a)

Koe¢punujenTn acumerpuje U CIJbOMITEHOCTU

3(1+3a)(3 — a+ 2a?)
(14 3a)(1+ 4a)

2(1 —a)

7T1(X) = 1+3a

V14+2a, m(X)=

Omnene mapamerapa

Metopga makcrManHe BepoJoOCTOJHOCTU

Onene a 1 b Mo MeToaW MaKCMMaJiHE BEPOJOCTOJHOCTM ce nobujajy W3 jel-

HaKOCTU )
1 & a 1 & a\
].+* 1n<1—AXZ'> — <1+A) :].7
a——liln(l—aX)

3a a < 1/2 oneHe Cy KOH3UMCTEHTHEe, aCUMITOTCKHW HOPpMaJIHE W aCHUMIITOTCEKHN

epuracHe.

Metona momeHaTta

Ouene @ u b MO MEeTOIM MOMEHATa HATE Cy Ca

2 -2
- 1 (X ~ 1=(X

Heka cBojcTBa

3a g u F Baxku
gle) 1
1—F(x) b—ax’
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Bese ca npyrum pacmnonesnama

1. PARU1(1,b) = U(0,).

1 X
2. Axko X : PARUI1(a,b), Tana —Eln (1 - ab) ;B (1).

IIpumena

Amnanusa €KCTPEMHUX BPEIHOCTN CﬂyqajHI/IX HU30Ba, HApOYUTO Yy XI/LZ[pOJIOI‘I/IjI/I.
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IIAPETOBA PACIIOIEJIA PARU2(a,b,c,d)

(yommrena, yeTBopomapaMeTapcka )

I'ycrura

g(x) = atbet b (d+c> et g >d
x4+ c x4+ c

ITapameTpm

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap cragupama,

¢,d (¢,d > 0) — mapamerpu JoKamUje.

I'pa¢uk rycrune

35
3r J
b=1
c=1
251 d=1 1
a=b
‘/
2r J
a=2
15F 1
a=0.8
1F J
051 J
0 | | | | | | |
1 12 14 1.6 1.8 2 22 24 2.6 2.8 3



286 IlaperoBa yommrena pacnonena

$yHKITIja pacionesie

Hammomena

Paconomeny je yBeo Maptuh Jby6o 1965. roaume.
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IIMPCOHOBA PACIIOJIEJIA PIRI(a,b,c)

(Tun 1, TpomapameTapcka)

I'ycrura

ITapameTpu
a,b,c (¢,bc/a > —1) — napamerpu obJIHKA.

I'pa¢uk rycrune

0.6 b=0.5

a=2 /

c=1

05F

b=1

03 b=2

02r

0.1

287



288 IIupconoBa pacnonena

Ha caemehoj caunm ce Buam ytumnaj mapamerpa c.

1.4

1.2 b=2

a=1
c=5

0.8

0.6

c=2

c=1

0.2 /

0 I I I |
-1 -05 0 0.5 1 1.5 2

Hanomena

Y ¢yurnuju rycruae K je Hopmupajyha roncranTa.
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IIMPCOHOBA PACIIOIEJIA PIR2(a,b)

(Tun 11, MBomapameTapcka)

I'ycrura

ITapamerpu

b (b > —1) — napamerap obauka, a (a > 0) — mapamMerap cKagupama.
I'padpuk rycrune
0.7

a= *— b=4
0.6

05 b=2

0.4

0.3F f

b=1 b=0.5
0.2r

0.1r

o

289



290 IIupconoBa pacnonena

Ha cremehoj caunu ce Buam yruiaj mapaMmerpa oOJIUKA.

1.8+ -~
1.6 b=2

1.4+

1.2+

0.8
0.6
0.4

0.2r-

0

-2 -1.5 1.5 2

Hanomena

Y ¢yurnuju rycruae K je Hopmupajyha roncranTa.
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IIMPCOHOBA PACIIOJIEJIA PIR3(a,b)

(Tun 111, TBOmapameTapcka)

I'ycrura

xab b
g(x):K~<1+7) e, —a<z<oo.
a

ITapamerpu

a,b (a,b>0) napamerpu obuuKa.

I'pa¢uk rycrune

a=2

291



292 IIupconoBa pacnonena

Ha cremehoj caumnu ce Buam yrunaj mapamerpa a.

0.7+

0.6

0.5

o

Hammomena

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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IIMPCOHOBA PACIIOJIEJIA PIR4(a,b,c)

(Tun 1v, TponapameTapcka)

I'ycrura

—b
glz) =K - <1+ 1:2) ~exp{fc~arctan£}, z € R.
a

ITapamerpu

b,c (b,c > 0) — napamerpu obauka, a (a > 0) — napamerap CKaJaupama.

I'padpuk rycrune

0.351
0.3
0.25
0.2
0.15
0.1

0.05

293
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Ha cienehe nBe ciauke ce Buau yrumaj mapamMerapa @ 1 C.

0.7

Hammomena

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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IIMPCOHOBA PACIIOEJIA PIR5(a,b)

(Tun v, mBomapamMeTapcka)
I'ycrura
glx) =K -z7% % £ >0.

ITapamerpu

a (a>1) napamerap obmaura, b (b >0) nmapamerap CKaIUpama.

I'pa¢uk rycrune

0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1

0.05

295



296 IIupconoBa pacnonena

Ha cremehoj caumnu ce Buam yrunaj mapamerpa a.

0.8

Hammomena

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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IIMPCOHOBA PACIIOJIEJIA PIR6(a,b,c)

(Tun VI, TponapameTapcka)

I'ycrura

ITapamerpu

a,b (b>0,a>b+1) wnapamerpu obiuuka, ¢ (c € R) napamerap Jokanuje.

I'pa¢uk rycrune

a=4

297



298 IIupconoBa pacnonena

Ha cienehe nBe ciauke ce Buau yrumaj mapamMerapa @ 1 C.
07

b=2

06 a=6

0.4

d

0.3 a=5

01F a=4

Hammomena

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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IIMPCOHOBA PACIIOJIEJIA PIR7(a,b)

(Tun vII, nBOmapameTapcka)

I'ycrura

ITapamerpu

a (a € R) — napamerap craaupama, b (b > 1/2) — mapamerap oGauKa.

I'padpuk rycrune

0.7

a=2
0.6

b=5

0.31

/
/

299



300 IIupconoBa pacnonena

Ha cremehoj caumnu ce Buam yrunaj mapamerpa a.

0.7+

0.6

0.5

0.4

0.3

0.2

0.1

Hammomena

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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IIMPCOHOBA PACIIOJIEJIA PIRS(a,b)

(Tun vIII, mBomapameTapcka)

I'ycrura

ITapamerpu

a (a>0) napamerap ckamupama, b (0 <b<1) napamerap obiuka.

I'pa¢uk rycrune

0.5
-2 -198 -19% -194 -192 -19 -18 -186 -184 -182 -18

301



302 IIupconoBa pacnonena

Ha cnemehoj cnumu ce Bumu yrunaj napamerpa A.

16

b=0.5

a=2

a=1

!

Hammomene

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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IIMPCOHOBA PACIIOIEJIA PIRY(a,b)

(Tun 71X, ABOomapameTapcka)

I'ycrura

ITapamerpu

a (a>0) mnapamerap cramumpama, b (b > —1) mnapamerap obauka.

I'pa¢uk rycrune

a=2
25r

1 b=0 b=2

0.5

303



304 IIupconoBa pacnonena

Ha cremehoj caumnu ce Buam ytunaj mapamrepa a.

15F

Hammomena

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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[IMPCOHOBA PACIIOJEJIA PIR11(a,b)

(Tun X1, nBomapameTapcka)
I'ycrura
g(x) =(a—1)p"" 27 b< < oo

ITapamerpu

a (a>1) napamerap obauka, b (b >0) mapamerap Jnokauuje.

I'pa¢uk rycrune

a=2

305



306 IIupconoBa pacnonena

Ha cremehoj caumnu ce Buam yrunaj mapamerpa a.

Hammomena

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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IIMPCOHOBA PACIIOJEJIA PIR12(a,b,c)

(Tun X711, TpomapamMmerapcka )

I'ycrura

ITapamerpu

a,b (a,b > 0) — mapamerpu ckamupama, ¢ (|c| > 1) — napamerap obamka.

I'pa¢uk rycrune

307



308 IIupconoBa pacnonena

Ha cuneneho] caumu ce Buam yrumaj mapamerpa b.

0.9+
a=2

c=2

0.7

0.5

0.3

021

o

Hammomene

Y ¢yurnuju ryctuae K je Hopmupajyha romcranTa.
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PEJIEJEBA PACIIOZIEJIA R, (o)

(jemmomapameTrapcka)

I'ycrura

ITapameTpm

o (0 > 0) - ckanupama.

I'padpuk rycrune

3.51

309



310 PenejeBa pacnonena

$yHKITIja pacionesie

22
F(x) zl—exp{—w}, x> 0.

KapakrepuctnuHa ¢pyHKImja

MomenTn

iy
s Tollg”, r=2k—1
mT:27/207F(g+1)= \ET”’ " . keN.
Fklo?* =2k

Cuenujasso:
/T 2 3 [T 3 4
m, =0 5%1.2507 mo = 20°, m3 =30 \/;z3.760 , M4 =80,
4—
D(X) = 5 LIPS 04302, 3z = (7 — 3)03\/3 ~ 0.17802,
32 — 37?2
Mg = Tﬁa‘l ~ 0.5980%.

Mon u menujana

Mo(X)=0, Me(X)=0VInd~1.177410.

Koedpunmujentu acumerpuje u cJbOIMITEHOCTH

_6772 — 247w + 16

_2ym(r—-3) _
m(X) =YX 1 %063, mX)= @—np

~ 0.25.
(4—7)3/2

Omnene mapamerapa

Ouena ¢ 3a HeNO3HATU DapaMeTap o IIO0 METOAM MaKCUMaJHe BePOIJOCTOJHOCTH
je
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2n 2
— : 2n).
BayKH 020 X (2n)

Hexka cBojcTBa

3
1. Q1 =0y/—2In © ™ 0758530, Qs = ov/2Ind ~ 1.665110.
2. Oy = VAT — 1 ~ 3.41.

Bese ca npyrum pacmnonenama

2

1. Axo X : R(o), Tanma 257 Ei(1).

X2
2. Ako X : R(0), rana 3 X2(2).
3. R(a) = x(0,a,2).

4. Axo X,Y : N(0,0%)u ako cy X m Y He3aBUCHe CiIydajHe MPOMEHJLUBE,

rana VX2+Y? : R(o).
5. Ako Xq,..., X, : Rl(oz) u ako cy Xi,...,X, He3aBUCHE cJydYajHe IPO-
MEHJ/LUBE, Taaa
XT+ X3+ + X2 1 Go(n,209).
IIpumena

MeTeoponoruja, XUAPOJIOTHja, €KOHOMU]A.

Hamomene

1. Pacnozena je nobusa mmMe no errieckoM pusudapy Penejy (Lord Rayleigh,
1842-1919), umaue noburamky HobGenose Harpane m3 o6iacTh (Gu3mKe
1904. ronuse.

2. Pacmogena R;(1) je crammapana PenejeBa pacmnogena.

3. IlocToje m npyre mapameTrpusanuje rycTuHe, Ha IPUMED,

_ 2£ 7$2/)\

g(x) A € ? A > Oa
npu deMy je \ = 202, wim
2x 22 /b2
g(x) = b72 & ) b> 07

. 1
Ipu 4eMy je a = 257




312 PenejeBa pacnonena

T'emepucame

Axo je u cayuajanm 6poj u3 U(0,1) pacnomene, tana je © = ov/—2lnu cayuajan
opoj u3z R(o) pacnonede.
Jom jemma moryhuocr 3a remepucame cayuajHor 6poja x u3z R(o) pacmo-

nmerne je x = —+/y?2 + 22, rme ¢y y m z He3aBucHM caydajau 6pojesu n3 N(0,1)
pacmogene. ¢
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PEJIEJEBA PACIIOJIEJIA Rs(c,0)

(mBomapamerapcka)
I'ycrura
x—c (x —c)?
g(x) = —3 CXP {W} , T >cC.
ITapameTpm

¢ (c € R) — napamerap nokaunuje, o (o0 > 0) — napamerap ckajaupama.

I'padpuk rycrune

147

c=-0.5 c=0 c=0.5

0=0.5

313



314 PenejeBa pacnonena

$yHKITIja pacionesie

F(z) —lexp{; (xac)Q}, x>

MomenTu

4 —
my =c+ oy /g ~c+1.2533140, D(X)= 5 T 52 ~ 0.4290402.

Mon u menujana

Mo(X)=c+o0, Me(X)=c+ovVindrc+1.177410.

KoepunujerTn acumerpuje n CIJbOMITEHOCTU

2y/m(m —3) 672 — 247 + 16
X)=——-"~0.63 X)=——— =~ 0.25.
7Tl< ) (4—71')3/2 ) 71-2( ) (7_(_74)2
Onene mapamerapa

MeTo,qa MaKCrMaJlHe BepOAOCTOjHOCTVI

Ouene ¢ u € 3a Hemo3HaTe MapaMeTpe o W ¢ HobuWjajy ce W3 cucTeMa

Metona MomeHaTa

Omuene ¢ U ¢ O METOIM MOMEHATa mare Cy ca
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Bese ca gpyrum pacmonesiama
1. R2(0,U) = Rl(O').
2. Axo X : Ry(c,0), rama (X —c)? : E1(202).

3. Ry(c,0) = Wa(20,2,¢).

Hammomena

ITocroje m mpyre mapamerpu3anuje ryCcTrHE, Ka0 IMTO Cy

g(x) = 2(3;0)6@{— <m;0>2}

npu yeMy je A = 20,

Opu UeMmy je a = o4/T.
T'emepucame

Axo je u cayuajam 6poj m3 U(0, 1) pacnogene, Tana je © = c+ov—2Inu cayua-
jam 6poj u3 Ry(c,0) pacmozene.
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PEJIEJEBA PACIIOOEJIA RD(c,0)

(mBocTpaHa, qBOIApaAMETAPCKA )

I'ycrmra

r—c 1/z—c\?
g(w)_|2026Xp{_2(o> }, r € R.

ITapamerpu

¢ (c € R) — mapamerap sokanuje, o (o > 0) — mapaMerap CKaJaupama.

I'paduk rycrune

RD(c,0)

0.7

0.6F c=1
6=0.5
0.5

0.4r

0.3

0.2r

0.1r

o

316
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PAJCOBA PACIIOJIEJIA RC(a,b)

(mBomapamerapcka)
I'ycrura
2?2 + a?
g(z) = %e_ 26 I <x|a|>, x>0
ITapamerpu

a (a € R) — napamerap obauka, b (b > 0) — mapamerap ckaaupama.

I'padpuk rycrune

0.7

0.6 a=0, b=1

051 a=0, b=3

04t /
0.3r
0.2r

0.1r

317



318 PajcoBa pacmonena

MomenTu

2
— T’/427‘/2F (1 I) L _ai
my b + 2 r/2 2% )’

rae je L,(z) yonmren Jlarepos noauaoMm (Buzmeru lomartak A).
CrnenujaJso,

b a? 5 b3 a?
ml—szW(zb)’ e =2 m3—3\/2L3/2<2b)’

b 2
my = 8b° + 8ba> —|—a4, ms = 15b gLs/z (_(21b> ’

) a®
D(X) =2b+a® — ?Lf/Q <—2b> .

Bese ca npyrum pacmnonesama
1. RC(0,b) = Ry(b).

2. RC(0,b) = Ry(0,b).
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CTEIIEHA PACIHOIEJIA S(a)

(jemmomapameTrapcka)

I'ycrura

ITapamerpu

a (a>0) napamerap oOJUKA.

I'pa¢uk rycrune

319



320 Crenena pacmoneina

$yHKITIja pacionesie

MomenTnu

OmneHne mapamerapa

3a OneHy @ MO METOAV MAKCHUMAJHE BEPOMOCTOJHOCTH

1< -
ie (1S o

sask D(@) ~ a?/n 3a n — 00, a 3a OIEHY d MO METOAM MOMEHATA

_ X
a=—=

1-X

BasKH _
ala+1)*1
n

D(a) ~ o

, N — o0.

Bese ca npyrum pacmnonesnama

1. S(1) = U(0,1).

2. Aro X : S(a), Taﬂa% : PAR(a).

TI'enepucame

Axko je u cayuajan 6poj uz U(0,1) pacnoznene, Tana je x = ul/® cayaajan 6poj
u3 ST (a) pacuogede.
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CTYIEHTOBA PACIIOJEJIA t(n)

(jemmomapameTrapcka)

I'ycTtuna
n+1
r ( 5 ) L2\ (/2
g(z) = 7 (1+> , rTeR
anl (7) n
ITapamerpu

n (n € N) — mapamerap o0IuKA.

I'pa¢uk rycrune

0.4r

0.35}

0.3r

0.25}

0.2}

0.15¢

0.1}

0.05}




322 CrynenToBa pacmomeia

$yHKITIja pacionesie

3at<0je

a3zat>0je
1 n 1
F(.’Iﬁ) =1- §In/(n+m2) (2, 2) y
rae je I, menornyna 6era ¢ymruuja (Bumetu lomarax).
MowmeHTI

% (2k — )N
(n=2k)(n—2k+2)---(n—2)

mog—1 =0, mop = o =n

Crnenujasso,

my =0, D(X)= 7:2, (n>2).

Mo n memujaua
Mo(X) = Me(X) =0.

Koedpunmujentu acumerpuje u CcIJbOIMITEHOCTH

m(X) =0, m(X)=

Bese ca npyrum pacmomesama
1. F(1,n) =t3(n).

2. Ako X : N(0,1) mY : x%(n) m ako cy X m Y H3aBUCHe cIydajHe
X
t(n).

VY/n :

3. Ako X,Y : x?(n) m ako cy X m Y HesaBUCHe cIydajHe BeJUUYUHE, TaIa

BeJINMYMHE, Talda

ﬂ&t(n)
2 VXY

4. Arxo X : t(n), Tama : By(1/2,1/2).

1
1+ X2/n -~

5. Ako X|Y : F(n,n) u ako cy X u Y He3aBuCHe ciIydajHe BeJIUYUHE, TAIA

? (X— ;) : t(n).
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6. 3a Beauko n pacmogena t(n) moske ma ce anpokcumupa ca N(0,1). Ha
caenehoj caumu je mata rycrmsa 3a t(10) u 3a N(0,1).

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

7. Axo je (X1,Xo,...,X,,) y3opak us N(m,o?) pacnogesne, Tana

X _

AL/ t(n —1).

Sn

8. Axo je (X1, Xo,...,X,) mpoct ysopak u3 N(mj,0?) pacnomene n ako je
(Y1,Ya,...,Y%) y3opak w3 N(msg,0?) pacnonene, Tana

ntk—2) : tn+k—2).

X, =Yg — (mg —ma) nk
(
VS (X) + K52(Y) \/” +k

Hamomene

1. Pacmozmeny je yBeo enriecku xemmyap u craructudap [ocer ( William
Sealey Gosset, 1876-1937) koju je panoBe 056jaBILUBAO MO TICEY TOHIMOM
CrygeHT.

2. Pacnogena je cnemujanan cayvaj llupconose pacnonene tun VII (PIRT).




324 CrynenToBa pacmomeia

3. 3a pacnogeny t(2) je
1 1 z
= F =— (14 —/]—/—— R.
9(z) 2+ 2232 (@) 2( + 2+$2)’ re

T'enepucan.e
Ako je y caydajam 6poj ms N(0,1) pacmomenme m z caydajan 6poj m3 x2(n)

n
pacmogene, Taia je r = \/7y ciaydajam 6poj u3 t(n) pacmomeue.
z
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CTYIEHTOBA PACIIONEJIA t(n,a,b)

(Tponapamerapcka)

I'ycTtuna

1 /x—a\’ e
ﬂ@=1+( )) , TE€R.
by/mnll (g) ( n b

ITapameTpm

n (n € N) — napamerap obauka, a (a € R) — napamerap iokanuje,

b (b > 0) — mapamerap cragupama.

I'pa¢uk rycrune

0.4¢
n=1
0.35f
0.3
0.25r
0.2r

0.15f

0.1r

0.05¢

325
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$yHKITIja pacionesie

T—a
AKojet:T,Taﬂaje3at§0

a3zat>0je
1 n 1
Flzx)=1- =1 =, =
(r) 5 In/mt2) (27 2) ;
rae je I, HemoTnyHa Gera (ynruuja (Bumetu Homarak).

MomenTn;
N2
m; =0, D(X)= 72b , (n>2).
Mon u memujana
Mo(X) = Me(X) =0.
KoepunujerTn acumerpuje n CIJbOMITEHOCTU

7T1(X):0, WQ(X):

Hexka cBojcTBa
1. 'yctuna je cuMerpuyHa y OJHOCY Ha T = q.

2. Mowmenar pena k mocroju 3a k < n.

Bes3e ca npyrum pacmonesnama
1. t(n,0,1) = t(n).

2. t(n,0,1) = t*(n,0).
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CTYIEHTOBA PACIIOIEJIA t(n,c)

(mBomapameTapCka, HENEHTPAJHA)

I'ycTunma

T € R.

n+k+1
—c?/2 > (¢ k o r
o) = Z(\f) ( 2 )

e
k+1)/2 n+k+1)/2°
I (g) r <;) P n(k+1)/ ( x2>( )/

1+—=—
n
ITapameTpu

n (n € N) — napamerap obuuka, ¢ (¢ > 0) — mapamMerap HEIEHTPAJHOCTHU.
I'pa¢uk rycrune

0.351

n=1

0.3

0.15r

/

0.05F

-— c=1
0.25r
/ =2
oo ‘

327



328 CTyneHTOBa HEINEHTPAJHA PACIOmeia

$yHKITIja pacionesie

3a x <0 je

1e=/2 & (—ev/2)F  (k+1 nk+1

a3za x>0 je

1e @2 & (—ev2)r _ (k+1 n k+1
Fla)=1— = r I Y

2/) k=0

rae je I, HemornyHa Gera ¢ynrumja (Bumern lomarak).
MowmeHTNn
my =,/ -——=c, DX)= %(1 +c?) —m3, (n>2).
_ n—
Be3e ca npyrum pacmonesama
1. t*(n,0) = t(n).

2. Ako X : N(c,1) mY : x?(n) u ako cy X u Y mHasasuche, Tama

X

VY/n :

t*(n,c).

Hammomena

['yctuna Moske ma ce 3amnuiie Uy OOJIUKY

n/2 —c%/2 0 k41 k 212 k/2
B e S TR
VAT (5) (n+22)(nth/2 o 2 k! \ n+ 2?




142
TPOYTAOHA PACIIOJEJIA TR(a,b,c)

(Tponapamerapcka)
I'ycTtuna
2(x —a) W<
WD KCRDICRD
R R T B
b-a)b—c)
ITapameTpu

a,b (a,b € R), (b> a)— napamerpu norauuje, ¢ (c € [a,b]) — napamerap obuauxa.

I'pa¢uk rycrune

0.7¢
a=-1 a=-1
0.6r b=2 T / b=2
c=0 c=1.5
0.5}
0.4r
0.3f a=—1
b=3
0.2 / =0
011
0 1 1 1 1 1 1
-1 -0.5 0 0.5 1 1.5 2 2.5 3

329



330 Tpoyraona pacnonena

$yHKITIja pacionesie

_@-e® .
b—a)(c—a)’

Fle) = | )Eb—m;
]._m, C§$<b

Enrponuja

H(X)zé—i—ln(b;a).

Kapakrepuctuuna ¢pyHKIIja

2 (b—c)e'™ — (b—a)e™ + (c — a)e’

o) =—z b—a)c—a)b—oc)

I'emepaTrpuca momMmeHara

2 (b—c)e” = (b—a)e' + (c —a)e”
2 (b—a)(c—a)(b—2c)

M(t) = —
MomenTn
1 1
my = §(a+b+c)’ my = —(a® + b* + ¢ + ab + ac + be),

6

1
ms = E(a3 + b3+ ¢+ a®b+ a’c + b%a + b*c + Fa + b + abe),

1 1
to = 1—8(a2—|—b2—&—02—ab—ac—bc)7 w3 = Q—m(a—i—b—2c)(a—|—c—2b)(b+c—2a),

1
(a® + b* + ¢ — ab — ac — be)?.

4= 135

Momx m memujana
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KoedpunmujenTu acumerpuje U CIJbOMITEHOCTH

V2 (a+b—2c)(2a —b—c)(a—2b+c)
H=5 X) = 2.4.
7Tl( ) 5 (a2+b2+02*ab*bcfca)3/2 y 7T2( )
HamomMmene
1. 3a a = —bwu c=0 pacmozmeina je HeKaTa KOpUIINeHa 3a aHAJIU3Y T'pelaka,

IOK ce IHaHac 3a TO yIVIaBHOM npuMmemnyje ['aycoBa pacmnonesa.

2. Pacnogmena je mo3smara u kao CumncoHoBa pacrogena.

T'erepucame

Ako je u cayuajan 6poj uz U(0,1) pacnozmerne, Taga je

a++/(b—a)(c—a)u, u< 8
= b—a
c—a

b—y/(b—a)b—c)(1—u), u> —

cayuajan 6poj us TR(a,b,c) pacnomene.
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YHUSOPMHA PACHOJEJA Ula,b)

(mBomapameTapcka)

I'ycrmra

ITapamerpu

a,b (a < b) — mapameTpu JoKanuje.

I'pa¢ur ryctune

051 / a=—1
b=1
041 b=2
03 b=3
02 /
b=4

01

0 ! ! I I I I

-2 -1 0 1 2 3 4 5
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YHupopMHa pacmoneia

333

dyHKIMUja pacmonesie

EnTponuja
H(X)=1In-a).

Kapakrepuctnuaa pyHKIuja

eitb _ eita
f)=— .
o) = o
TI'emeparpuca MoMeHaTa
etb _ eta
M) = ———.
®) t(b—a)
MomenTn
1 br+1 _ ar+1
Mr = r+1 ) b—a
CuenujaaHo:
a+b a® + ab+ b2
STy s T

HeHTpaJIHI/I MOMEHTHU Cy OaTU ca

1 b—a\?
por—1 = 0, M2k:< ) , keN

2k +1 2
CrernujaHo:
B B (b—a)? (b—a)t
p2 = D(X) = 2 Ha = 30

Mo nu memujana

b
Mo(X) — muje jenuucrsen, Me(X) = a; )

KoedpumujenTr acumerpuje U CIJbONITEHOCTH

m(X) =0, m((X)=-12.
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Omnene mapamerapa
MeTo,qa MaKCuMalJlHe BepOﬂOCTOjHOCTI/I
Otene @ u b HemosHATIX mapamerapa a u b cy
4= Xmin, b= Xmax,
pu 4yemy je

na+b ~ a+mnb ~ n(b— a)?

B@) =S5 BO=57 P@ =00 =t ey

Axo je a =0, Tana 3a oueny b = X,.x napamerpa b Basku

~ n S n

Eb)=—— Dlb)=——F—"—
0= PO = oy
MTO 3HAYM [ je aCUMIITOTCKMA HENPUCTPACHA U CTAOWJIHA.

Metona MmomeHaTa

OueHe E n E IO MeTOo A MOMEeHaTa JaTe Cy ca
G=X-S,V3, b=X+S,V3.

Axo je a =0, Tana je

1 BayKHU

Hpyre ouere

Omnere a* n b* mare ca

a* _ nXmin - Xmax b* _ nXmax - Xmin
n—1 ’ n—1
. ., n+1 . .
Cy HempucTpacHe, a TakBa je W oleHa b* = Xmax 3a b y cayuajy kana je
n

a=0.
Hexka cBojcTBa

1. Ako X : U(0,1), tana 1 — X : U(0,1).

X _
2. Axo X : U(a,b), Tana a

: 1).
U0, 1)
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Bese ca npyrum pacmonenama
1. U(0,1) = By(1,1).

2. Ako je X cayuajma mpomensmusa, tama F(X) : U(0,1).

1
3. Aro X : U(0,1), Tana fxlnX s B (N).

4. Axo cy Xy,..., X, : U(0,1) mezaBucHe ciydajHe TPOMEHJBUBE U AKO CY
Xay, .-+, X(n) cTaTUCTUKE HOpeTKa, Taga X : Bao(k,n—k+1).
IIpumena

lenepucame ciydajaux O6pojeBa 3a Apyre pacronede.
Hamomena
U(0,1) je crammapana yHUPOPMHA PACHOAEIA.

I'erepucame

Ako je u cayuajan 6poj us U(0, 1) pacnogene, rana je © = a+ (b—a)u cayuajan
6poj u3 U(a,b) pacnonerne.




144
SUIIEPOBA PACHONEJIA F(m,n)

(mBomapameTapcka)
I'ycrmra
mA m/2
m/2—1
g(x) = (Elnz E)' : ; Gy x> 0.
23) (1+70)
ITapamerpu

m,n (m,n € N) — napamerpu obsmka (crenenn ciaobone).

I'pa¢ur rycrune

0.9
0-8 I ‘/rn=2’ n=3
0.7F
06} m=5, n=4
05r m=10, n=4
04+ /
0.3
m=4, n=4
0.2f
m=3, n=4 T
0.1 m=2, n=1 m=2, n=2
o 1 1 1 J
0 0.5 1 1.5 2
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PumepoBa pacnonena 337

dyHKIMUja pacmonesie

m n
F(z) =1 _me_ (57 5) , x>0,
rae je I, HemoTnyHa Oerta QyHruuja (Bumetu lomarak).

Kapakrepuctuuna pyHKIMIja
m n n .
SD(t) =M (5) _57 —%Zt) )

rae je M(a,b;-) xunepreomerpujcka pynrnuja (Bumetu lomatak).

MowmenTnn
n\" m(n+2)---(m+2r—2) n
my = (7) 5 > =,
m/ (n—2)(n—4)---(n—2r) 2
IpU UeMy BaskM PeKypPeHTHa Be3a
nm/2+r—1
My = Mp_1—————, Mo = L.
m n/2-—r
CuenujaHo:
2n2(m +n — 2)

m=—— (n>2), DX)=

— (n>4).

m(n —2)2(n—4)’
KoedpunujenTu acumerpuje U CIIbOIMTEHOCTH

(2m+n —2),/8(n —4)
(n—6)y/m(m+n—2)

7T'1(X) =

—16 + 20m — 8m? + m? + 44n — 32mn + 5m?*n — 22n2 + 5mn?

ma(X) =12 n(m —6)(m —8)(n+m—2)

Heka cBojcTBa
1
1. Ako X : F(m,n), tana 5 F(n,m).
2. 3a m < 2 rycruHa pacmonesie mMma MakcumyM y x = 0, a 3a m > 2 je

Mo(X) = m

Bese ca npyrum pacmonesnama

1. F(1,n) =t3(n).
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Pdumepora pacnozgena

10.

X
Ao X 2(m)m Y : x3%(n), rana E? : F(m,n).

m

X
. Axo X : F(m,n), Tama m : Bo (m n)

n+mX 272

Axo X : F(m,n), tana Mx . BP(m,n).
n

. Axo X,Y : Li(a) mw ako cy X m Y He3aBucHe ciydyajHe IPOMEHJLUBE,

rama |X/Y]| : F(2,2).

Arko X : Ga(mi,n) mY : Go(ma,ng) u ako cy X u Y HesaBuche
. Mmono X
cilyyajHe NPOMEHJLUBE, Tala : F(2mq,2ms).
minyY

Aro X : F(n,n), rana g (x/f— \%) : t(n).

. X; : N(a,0*)zai=1,....muY; : N(bo?) 3aj=1,...,nu aro cy
Xi,..., X, Y1,...,Y, He3aBUCHe caydajHe MPOMEHJ/HUBE, TAIA
1 1 &
— X; —a)? S X; — X)?
3o TETPCE
— = : F(m,n), = : F(m—1,n—1).

EDSAL LS -vy

J=1 Jj=1

F(m,n) ~ %X?(m)7 (n — 00).

Axo : F(m,n) u axo je

2 2
Vo —10X — Vam 1 X1/3<19>—<1—9>
_ n 7 n m

Ji+Zx 2 L xes
n Im In

raga Y u Z umajy npubamwkao HOpMaany pacunogexay N(0,1).

Y

IIpumena

Amnanusa BapujaHce, TeCTUPAaBbe XUMOTE3a O JeTHAKOCTU IUCIED3Uja.

Hammomene

1.

Pacnonmena je mobuia mMe MO €HIJIECKOM CTATUCTUYADPY U TeHETUYApY
Pumepy (Ronald Aylmer Fisher, 1890-1962), a yecTo ce KOPUCTH U HA3UB
F-pacnonena.
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2. Y snrepaTypu Ha €HIVIECKOM je3WKy pacronesia je mo3Hara u kao Snedecor
distribution no amepuurom crarucrunuapy Creneropy (George Waddel Sne-
decor, 1881-1974) wnn kao Fisher-Snedecor distribution mmau rao variance-
ratio distribution.

3. ®yHKMUja rycTUHE MOKE a Ce 3alulle U 'y OOIUKY

9(x) = xB(m/12,n/2) (miﬁ n)m/2 <1 - %)W

B 1 n"(mx)m
9(x) = xB(m/2,n/2)\| (mx + n)m+n’

niin

4. Pacnonena je nedpuHucaHa 1 3a peajiHe MO3UTUBHE BPETHOCTU IapaMeTa-
pa.

T'emepucame

Ako je y cayuajam 6poj m3 pacnomese x2(m) u z ciydajan 6poj U3 pacmomene
n

x%(n), Tama je x = —~ caydajam 6poj u3 F(m,n) pacnouesne.
mz
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SUIMIEPOBA Z PACIIOIIEJIA FZ(m,n)

(mBomapameTapcka)
I'ycrmra
Qmm/an/Q eme
g(z) = . (@ ﬂ) . (e n)m/2+”/2’ T € R.
272
ITapamerpu

m,n (m,n € N) — napamerpu obauka (cremeHn ciaobone).

I'pa¢ux ryctune

0.71

0.6

0.5

0.4

0.3

0.2

0.1

340
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$OH MU3UCOBA PACIIOJIEJIA FM/(a,b)

(mBomapamerapcka)
I'ycrura
obcos(z—a)
g(x) = 2o (0) x € (0.27], Ip(x) — BecenoBa ¢yHEIMja.
ITapamerpm

a (0 < a < 27) — mapamerap obmuka, b (0 < b < c0) — mapamMerap CKaIupama.

I'pa¢uk rycrune

0.8 0.8
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342 Poun MusucoBa pacnonena

$yHKITIja pacionesie

F(z) = 2771;0(1)) xIp(b) + 2; Ij(b)xsin;j(x — ) ,  x € (0,27,

rze je I; Becemosa ¢ynknuja npse Bpcre (Buneru lonarak).

MomenTn

_ 1.(b)
Io(b)’

rae je I, Becenosa ¢pyrknmja npse Bpcre (Bumern omarak).

mi=a, D(X)=

Hanomene

1. Pacnogeny je yBeo aycrpumjckm matemarmdap Pon Mwuswmc (Richard von
Mises, 1883-1953) 1918. romume pagehu Ha MOmeIMpPa®Hy MUKIMIHAX HO-
JATAKA.

2. Pacnonena je mo3Hara u Kao yupKysnapHa HOpMasHa.
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$OH MU3UCOBA PACHOJEJA FMDB(a,b)

(bumomamHa, ABOmapamMeTapCKa)

I'ycrura
ebcosZ(mfa)
g(z) = “ono() x € (0.27], Ip(x) — BecenoBa ¢yHrumja.
ITapamerpm

a (0 < a < 27) — mapamerap obmuka, b (0 < b < c0) — mapamMerap CKaIupama.

I'pa¢uk rycrune

0.8 0.8

0.8 0.8

a=1 a=3

343
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XEJIMEPTOBA PACHOJIEJIA H(n)

(mBomapameTapcka)

I'ycrmra

ITapamerpu

n (n € N,n # 1) — napamerap obauka (6poj crenenn croboze).

I'pa¢ux ryctune

181

344
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XU PACIIOJIEJIA y;(a)

(jemmomapameTrapcka)

I'ycrura
o 1 a—1 712/2 0
g(z) = 72‘1/2—11“@/2):8 e , x>0.
ITapameTpmu
a (a > 0) — napamerap oGUKA.
I'paduk rycrune
1

0.9F a=1

0.8 / a=2 a=3 a=4 a5

0.7r

a=10
0.6
'?

051

04r

031

0.2r

0.1r

0 1
0 1 2 3

345
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Xu pacmopena

$yHKITIja pacionesie

axQ
Flx)=P| =z, —
@=r(55) «>0

rae je P menornyna rama ¢yskmuja (Bumetm JlomaTak).

Enrponuja

H(X) =T (g) + %(a71n27 (a— 1) (g) .

Kapakrepuctnuna ¢pyHKImja

1l S (WRt)E(fa+k
SD(t)_r(a/z)k:0 k! F( 2 )

T'emepaTpmuca momMmeHaTa

- (1) e (5135)

rae je M(a,b;-) xunepreomerpujcka pyuruuja (Bumetu lomarak).

MomenTu

CrenujasHo,

Mon nu memujana
Mo(X)=+vVa—-1, Me(X)~/a— ;
Koedpunmujentu acumerpuje u CcIJbOIMITEHOCTH

m 2 m
m(X) = T5(1-20%), m(X) = !

rae je 0 = y/D(X).
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Bese ca apyrum pacnoomesama
1. Ako X : x?(a), ouma VX : x(a).

2. Aro ¢y X1, Xo,..., X, mesaBucue cayuajue seauuune ca N(0,1) pacnone-
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XU PACHOIEJIA x,(a,b)

(mBomapameTapcka)
I'ycrmra
1 x?
- - a/2—1 o
g(x) 2a/2—1baF(n/2)x exp{ 552 } , x>0.
ITapamerpu

a (a > 0) — mapamerap obauka, b (b > 0) — mapamerap Ckaaupama.

I'pa¢ux rycrune

0.7p

06 g 2d

0.5

0.3F b=2

02F b=3

0.1 P/

348



Xu pacnonena 349

dyHKIMUja pacmonesie

2
m):p(;,;bz), r>0,

rae je P menormyna rama ¢ysrinuja (Buzetn Jlomarak).

MomenTu

CuenujaHo:

my(X) = ﬂbr(a;l) D(X) = ab® — 252F2(a;1>.

KoedpunmujenTn acumerpuje u CIJbONITEHOCTH

s 4r3(a;1)+r2 (g) (2r <a;3> — 3al’ (a;1>)

7r1(X):F(g> F3(g) G_W 372
: (3
_ A+ B
| T (X) = (aF2 (2) op2 <a;1)>2,
rae je
A = 2a<a—1>r4(g)24r4(a;1>,

B = sI? (‘Z‘)P(a;l> (3@(“21) _or (a;?’))

Omnene mapamerapa

Axo je mapamerap a mo3HAT, OlleHA b IO METOAM MAKCUMAJIHE BEPOIOCTOJHOCTH

3a napamerap b mara je ca
e 1/2
b= —Y xz .




350 Xu pacmopena

Bese ca npyrum pacmnonesnama
1. x2(1,b) = NZL(0,b,0).
2. x2(2,b) = R2(0,b)
3. x3(3,b) = MAX(b).
4. Axo X : x2(n,1), tama X2 : x2(n).
5. Aro X : x2(a,b), rama X2 : Ga(a/2,2b%).

6. Axo X; : x2(a,b) m axo cy Xi,...,X,, HesaBucHe ciydyajHe IPOMEHJLUBE,
rama X7+ -+ X2 : Ga(na/2,2b%).
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XU PACIIOIEJIA s(a,b,c)

(Tponapamerapcka)

I'ycTtuna

9(x) = 2‘1/2—1;F(n/2) (x 7 C)a/me"p {; (m ; C>2}  E2C

ITapamerpu

a (a > 0) — mapamerap obmmka, b (b > 0) — mapamerap crammpama,

¢ (c € R) — napamerap JoKanuje.

I'paduk rycrune

0.7r

a=2
061 b=1, c=2

05F
b=c=2

0.4r
b=3, c=2 b=5,c=2 b=c=3 Db=3, c=4

0.1




352 Xu pacmopena

$yHKITIja pacionesie

F(x)_P<g,;<xbc>2>, x>

rae je P Henornyna rama ¢yskmuja (sumern lomarak).

MomenTnu

L (%) 2 o2
mi(X) =c+V2b F(a/22)’ D(X) = ab® — 20> ——22

Koe¢punujerTn acuMmerpuje n CIJbOMITEHOCTU

m (X) = V2 A8 (efh) + T2 (5) (20 (%5°) — 3al' (43F))
r(3) T
e ()
A+ B

WQ(X): 2 (a 2 (a+1 27
(al® (5) — 21 (%5%))

rme je

A = 2a(a—1)F4(;)—24r4<a;1>7
812 (g)r<a;1) <3aF <a42rl> or (a;rg')>

Beze ca apyrum pacnomesama

Sy
I
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XU PACIIOAEJIA x*(n,a)

(menenTpaJHa )
I'ycrura
xn/Q $2 +(12
g(z) = an/21 XP{ 5 }In/21(a1'), x>0
ITapameTpm

n (n € N) — mapamerap o6anka (6poj cTemeHu ciobome),

a (a > 0) — mapameTap HENEHTPAJIHOCTH.

I'pa¢uk rycrune




354 Xu HeleHTpaJiHA PacIonesa

MomenTu

T n/2— T yn/2-
ml_\/ng//Q2 "(—a?/2), my=n+d® 7713—3\/QL3//22 H(—a?/2),

my = (n+a*)?+2(n+2d?), D(X)=n+a®—n?,

rzae je L§(z) yonmrenu Jlarepos nomusaom (Bumeru lonarak).
Be3e ca npyrum pacmonesnama

1. X(na 0) = X(n)

2. Axo X; : N(ui,02) (i =1,2,...,k) m aro cy X1, Xo,..., X HesaBucue
caydajHe TPOMEHJbUBE, Tala

X2 X2 X2
St g+ =F o xka)
91 93 Tk
2 2 2
rme je a = u—é—&—%—l—---—i—u—g.

o7 g5 Uk
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XU KBAIIPAT PACIIOIIEJIA x2(n)

(jemmomapameTrapcka)

I'ycrura

1
g(r) = ————a™>eT2/2 g >0,

= 20/ (n)2)
ITapameTpmu

n (n € N) — mapamerap o6auka (6poj cremneHu caobome).

I'paduk rycrune

n=1
0.5}
n=2

041
n=3
0.3f
n=4

0.2r

0.1

355
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356 Xu KBaIpaT pacmoueia

$yHKITIja pacionesie

[(n/2,2/2) n x
F(x):l—W:P(§,§>, x>0,

rae je P menornyna rama ¢yskmuja (Bumetm JlomaTak).

Kapakrepuctuuna ¢pyHKIMIja
o(t) = (1 — 2it) ™2,
I'eneparpuca moMmeHara

M@t)=(1-2t)""2 t<1/2.

MowmenTnu
2T 2
e W =n(n+2)--(n+2(r—1)), reN.
Crnenujaso,

my=n, mo=n(n+2), mg=n(n-+2)(n+4),

to =2n, ps=8n, g =48n + 12n?,
ps = 32n(5n +12), e = 40n(3n? + 52n + 96).

Mon u menujana

0, n<2 2 4 8
Me(X)~n— -+ —

Mo(X) = { 37 27n 72002

n— 2, n>2’

Koedpunmujentu acumerpuje u CIJbOIITEHOCTH

Heka cBojcTBa

Aro X : x*(m)uY : x?(n) m ako cy X m Y He3aBUCHe cilydajHe IPOMEHJbUBE,
rama X +Y : x*(m+n).

Bese ca npyrum pacmnonesama

L \3(2) = Bi(2).
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2. x3(n) =T2(n/2,2).
3. Ako X : x%(n), rama VX : x(n).

4. Axo cy X3, Xo,..., X, HezaBuche cayvajue seauuune ca N (0, 1) pacnome-
JIOM, TalIa
XT+ X3+ X2 x%(n).

5. Axo X; @ x*(ni) (i=1,2...,k) m ako cy Xi, Xa,... X} HezaBucHe, Tama
X1+ Xo+ -+ Xp 0 X3(ng +ng+ - +ng).

6. Axo X : x?(n), omma vV2X ~ N(y/2n —1,1) xama n — oo.

X 2 2
7. Axo X : x2(n), ouma (| — %N(l > Kaga n — 00.
V n

C 9’ 9n

X —
8. Aro X : x?(n), onma RS N(0,1) xama n — oo.

V2n

9. Axo cy Xi,...,X, HesaBucHe caydajue Besumuube ca N(m,o?), Tama

(W() +'~~+(W()2 X (n—1).

10. Axo X : x*(m) m Y : x*(n) m aro cy X u Y Hezamucwe, tana

X/m
Y F(m,n).

ITpumena

TeCTI/Ipa,I-Le CTaATUCTUYKUX XMUIIOTE3a.

HamomMmene

1. ®ymrnuja g je pyHOUja rycTUHE U aKO eJ0OPOjHN IapamMeTap 1 3aMeHUMO
MIO3UTWBHUM DPEaJTHUM TapaMeTpPOM.

2. Pacnogeny je yseo Eom (Ernst Carl Abbe, 1840-9005) 1863. roxume.
HesaBucHo on mera pacnogeny cy ysemu n Xeamept (Friedrich Robert
Helmert, 1843-1917) 1875. roausne u Kapa IMupcon (Karl Pearson, 1856-
1936) 1900. romume.

I'emepucame

Cayuajan 6poj m3 x?(n) pacmomene ce Moxke TOOUTH Kao 30uUp KBaapaTa n
cayuajaux 6pojesa u3z N(0,1) pacnonerne.
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XY KBAIIPAT PACIIOIEJIA x2(n,a)

(mBOomapameTrapcka, HEIEHTPAJIHA)

I'yctuna
1 1 L (az)k T (3+k)
_ n/2-Le=(ata)/2 $ o \2 > 0.
9(@) on/2T (%)x € — (2k)! T(3+k) v
ITapamerpu

n (n € N) — mapamerap obmuga (6poj crenenu caobone),

a (a > 0) — mapaMerap HEIEHTPAJIHOCTH.

I'pa¢ur ryctune

0.2r
0.18r / N </ n=4
0.16
0.14
0.12

0.1
0.08
0.06

0.04

0.02

358
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dyHKIMUja pacmonesie
ok
— a2\ % p (P il >
Fz)=e kzz(]Qkk!P<2 + 2)’ z20,

rae je P Henornyna rama ¢ysHrinuja (Bumern Jlonarak).

KapakrepucTnusa ¢pyHKIuja

(1) = 1 o ita
PV E A oy CP T —2at [

T'emepaTrpuca MoMeHaTa

1 at
M(t) = (1—2t)"/QeXp{1—2t}’ teR.

MomenTu

p2 =2(n+2a), puz=8(n+3a), ps=48(n+4a)+12(n+ 2a)?,

ps = 384(n + 5a) + 160(n + 2a)(n + 3a),
e = 3840(n + 6a) + 1440(n + 2a)(n + 4a) + 640(n + 3a)? + 120(n + 2a)3.

Koedpumujentu acumerpuje m CIJbOMITEHOCTH

n + 3a n + 4a

7T1(X):8'W, WQ(X):IQW

Bese ca apyrum pacnoopgeaama
1. X2(n70) = X2(n)'

2. Ako cy X, mezaBucue ciaydajne npomensbuse ca N(m;, 1) pacmomemom (i =
1,2,...,n), rana

XD+ X34+ X0 P (mi +my 4 ).

3. Ako X : x*’(m,a) mY : x?(n,b) mw ako cy X m Y HesaBuCHe crydajHe
npomenmuBe, Taga X +Y : x2(m+n,a+b).

n+2a. v <(n+a)2)

4. Arxo X : x?
KO x*(n,a), Tana - "t 2a
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Hammomena

Pyurnmja rycruae MOKe ma Ce 3aluiie U y OOJUKY

pn/4=1/2 o u/o
1@) = gz T pa (Va),

rae je I;(z) Becenoa ¢pyHrmmja npse Bpcre (Bumern Jlonarak).

T'erepucame

Cnyuajan 6poj u3 x2(n,a) pacnomene mosxe na ce mobuje kao 36up Kpazpara
n cayuajaux 6pojesa uz N(y/a/n,1) pacnonene.
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XUIIEPBOJINUKU CEKAHT PACIIOJEJIA HS(a,b)

(mBomapamerapcka)
I'ycrura
1 r—a
g(x):b— sech b rER
ITapameTpm

a (a € R) — napamerap nokaunuje, b (b > 0) — mapamerap cragupama.

I'padpuk rycrune

0.35
a=0

0.3F g
b=1

0.25 J

0.15 q

o1} e

0.05| 4
b=3 b=4
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$yHKITIja pacionesie

2 _
F(z) = ;atan (exp{x 5 a}), x € R.

MomenTn;
miy=a, pp=DX)= b1
Mon u menujana
Mo(X)=Me(X) =a.
KoepunujerTn acumerpuje n CIJbOMITEHOCTU

’/Tl(X):O, 7T2(X):2

Hexka cBojcTBa

KBaprtumu pacnonene cy

Q1 =a—blog(1++2), Q3=a+blog(l++2).




Jlonmarak - cunenujajsHe QpyHKIHUje

Y nmeduHMNUju HEKUX pACHIOAesa Ce KOPUCTE rama u 6eta GyHKOuje, Kao u
Heke apyre crenujande pyuakunje. OBae cy nare nepuUHUNVje U KPATaK MIPerien
CBOjcTaBa TUX (GYHKIUjA.

1 Tama ¢ynEKmUja

lNama ¢ynrnuja je medmamcana ca

I‘(z)z/ t*~le tdt,
0

rze je z KoMIekcaH 6poj umju je peasan geo sehn ox myae. Oso je Ojuaeposa l

uHTerpasiHa popma ramMa ¢ysknuje. OHa ce MOke IPEACTABUTUA U Y OOJIUKY
T'paHUYHE BPEIHOCTU

n!
I'(z) =1l z
(2) ningoz(z+1)~-~(z+n)n’

Kao 1 y OOJUKY OECKOHAYHOI' IIPOU3BOIA

1 zoo Z —z/n
Ok E(l+n)e ”

rae je v = 0.5772156649 OjnepoBa KOHCTAHTA.

3a rama (QyHKNUjy Basku pekypeHrHa penaunuja ['(z + 1) = 2I'(z). Cuenu-
jamao, I'(n+ 1) =nl 3an € N.

Anpokcumanuja 3a rama GyHEIUjy ce Moxke mooutu usz Ctupmaunrose 2 dop-

MyJIe
I'(z) = 2% %4/ 21 1+ i + L — 139 — o7l +
o z 12z 28822 5184023 248832024

KOja Basku 3a |argz| < m u |z| — co. Cunemujanuu caydaj je nosuara Crupaus-
rosa (hopMyila 3a ampoKCUManujy (pakTopujeia

n! ~ n" T 2e7m /o8,

3a z =z > 0 BpennocTu ramMa ¢QyHKOMje Cy pPeasiHe U IMO3UTUBHE,

I(z) = / t"le7tdt >0, x>0.
0

1Leonhard Euler (1707-1783) - mmBajuapcku MaTtemaTuuap koju je objaBmo mpexo 900
palioBa U 4wuje mMe HOCHU jenHa yiuua y llapusy u jenan xpatep Ha Mecemy
2James Stirling (1692-1770) - mkoTckn MaTeMaTUuyap, HbyTHOB yueHUK

363
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W3 jemnakoctu

F(n+1) ECOIp

2/ 22np)

1
1 jeITHAKOCTU F(Q) = /T mobujaMo, HA IpUMep,

()b o3 ()5 1))~

2 Jlurama ¢yHKOuja

Jlurama nnu ¢ QyHEOUja je M3BOX JorapuTMa rama (yHKIHIje

1 dI(2)

¥(e) = W) = g

dz

dyurnuja Moke ma ce mpeacTaBU y OOJUMKY OECKOHAYHOLr pena

w<z+1)=—v—2(2in—i),
n=1

rue je v Ojineposa roucranra. CrennjasnHo,

n—1
Yy =+ 3 1,
k=1

1
Y (n+1/2) = _7_2ln2+2;ﬁ'
W3 oBux jemmakoctu modujamo, Ha OPUMEP,
3 11
b1) =y ¥@)=1-v ¥E)=5-7% vM@)=—7-7

3 1 5 1 8 7 1 46
o(z3)=o(z) w2 v(3)=v(3) 5 o(5)-+(3)+ %
rﬂejew(;):—y—anQ.

Axo je morpeban u3BoJ ramMa (PyHKIUje, MO¥Ke C€ KOPUCTUTU jeTHAKOCT
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3 Ilosmmrama ¢yHEKIHjE

HMonurama ¢yHKIMje cy BUMM M3BOAM auraMa (yHKOMje %, OXHOCHO (hyHKIUje
InT'. Tako je

dn dn+1

v (2)
TMonurama ¢yHKIMje MOry na ce IpencraBe Y OOJUKY DECKOHAUYHOL Pena

> 1
L R N

k=0

YecTo ce KOpHUCTE je THAKOCTU
™M (1) = (=1)" il (n + 1),

Y (1/2) = (2" = DY (1) = (1) el " = 1)¢(n + 1),

rue je ¢ PumanoBa 3era ¢ynrumja.
Y cayuajy n =1 dysruuja P ce 30Be Tpurama ¢yarmmuja. 3a my je

2

Vs
— &~ 4. .
5 935

pD(1) = ((2) = 1.645, ¢<1><;> _

Ha cnenehoj caumm cy npurasanu rpa¢unu (yHEOUja IATaMa WM TPUTaMa 3a
peasne aprymente m3 ckyna [0.5,2].

5

4 Henornyse rama ¢yHKIOUje

Henornyme rama ¢pynrmuje vy(a,z), I'(a,z), P(a,z) n Q(a,x) nepurucanme cy ca

xT o0
v(a, z) :/ t*te7tdt, T(a,x) :/ t*tetdt,
0 T
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(a, z)
I(a) ’
3a KOMILJIEKCAaH Opoj a uuju je peasan meo Behwm om mHyse. Y mpuUMeHaMa ce

Hajuyemhe KOPUCTE PeaJHu MeJOOPOjHU apryMEeHTH.
Ouuraenso je

P(a,z) =

Q(a,z) =1—- P(a,x)

F(a) = 7(‘1; :L') + F(a7 :17)7
a Baske U cileflefie peKypeHTHe pelaluje:

x

v(a+1,z) = ay(a,x) — z%e™",
Ila+1,2) =al(a,z) — z%™",
e "

P(a+1,2) = P(a,z) — T

dyurmuje v(a,x) MOKe ma Ce MPEACTABU DECKOHAUHUM DPEIOM

oo~ L@,
’Y(G/,JT) =€ T Z ml‘ .
n=0

Ha cnenmehe nBe camke matm cy rpadunu HemoroyHUX rama ¢yHrmnyuja P u @
3a Heronmko BpemHoctu a (0.5, 1., 2., 4., 6., 8.).

1

0.8

0.6

0.4

0.2

0.6

0.4

0.2

5 DBera ¢ynrnuja

Bera pymrnmja B(a,b) je nedpunucana ca

1
B(a,b) = / 711 =) tdt, a>0,b>0.
0
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CMeHOM T = r BuanMo na ¢pyurmuja B(a,b) Moske ma ce NpeacTaBu U Ha

B(a,b):/ooo(xaldx

1+ z)etb

caenehu maumu

Jemnakoct

[(a)L(b)
I'(a +b)

naje Besy mamebhy rama m 6era yHKUMjE.

B(a,b) =

6 Henornyne 0era ¢pyHKIUjE

Henornyme 6era ¢pyuruuja By(a,b) u I,(a,b) cy nepunucane ca

Bo(a,b) /Ox 1 — )b tat,  I(a,b) = Bg((;’bb)).

3a ¢yHKRIUM]Yy B, Baku jeqHaKOCT
B, (a,b) = By(b,a) — B1_,(b,a).
dyurmuja I, ce xKopucTm y m3pasumma 3a (YHKIU]Y pacrnogeie, Ha IPUMED
Pumepose u CtymeHToBe pacmomele.
7 <PyHEKOUjE rpemke

dyuruuja erf : C — C nepurucana ca

1 ? 2
erfz:—/ e Udt
VT Jo

je ¢yHkumja rpetuke (eHr. error function) wiwm ¢yHkyuja BeposaTHoRe, a HEH KOMILIE-
MeHT je ¢pyHKuuja erfc mepunucana ca

erfe(z) =1—erf(z)

3a KOjy BaxkKu

erfe(z) = %6_22 i(—l)kr(%jl/z)
k=0

Y Be3nm ca pacmozmenaMa oBe (YHKIHje ce KOPUCTE Ca PEAJHUM apryMeHTOM,
z=x € R. 3a z > 0 ¢yrmuja erf je ¢pyHEOUja pacmoieiie 3a HOPMAJIHY
CcTaHIApMHY pacromery 3acedeny Ha [0,00), dmja je TycTuHA

2
g(ﬂf):\/»e_ﬁ, x> 0.
™

Besa ca ¢yrERmmjom pacnosmene crapmapiHe HOPMaJHE PACIOAENE je

() = % <1+erf5§> = %erfc (\2)
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Axo X : N(0,1), rana je

P{|X]| §z}:erf%, x> 0.

V2

dyuruuja erf mMoxke na ce M3pasu OPEKO HEMOTHyHE TraMma (GyHKIUje

1
erfx:P<2,J;2), x> 0.

8 PwumanoBa 3era ¢pyHEKOHIja

dyurnuja ( : R — R medurucana ca

(D)= w>1

k=1

3 3era ¢yurmuja. OHa MOXKe ma ce mpencTaBy U Ha ciaenehu HaYMH

1 [e’e} tx—l

3a Heke 1esI0O6pOojHEe apryMeHTe BpeaHOCTH (YHKIHMja Cy:

je Pumanosa

w2 7t 6 78

(@ =" (W=g O)=gz (=5

Yecro ce ymecro ((n) mume (,. 3a napHe apryMeHTe BasKu

22n—1 7T2n ‘an

Clom) = g

n € N,
rue cy B, Bepryimjesu® 6pojesn koju cy nepurmcanu jexnaxomny
el n
z z
e —1 Z B"H'
n=0

Ha mpumep, By =1, By = —1/2, B, =1/6, By = —1/30, B = 1/42, a Baskn un
jemHaKoCT

Bayp = 2(=1)"*1(2n)! Z W7
k=1

nok je Bop,y1 =03anéeN.

3Georg Friedrich Bernard Riemann (1826-1866) - HeMauku MaTeMaTUUap KOjU Ce CMATpPa
jemHUM of TBopalia MOJEpHE MaTeMaTHKe

4Jacob Bernoulli (1655-1705) - mBajmapcknm MaTemMaTuuap Koju je ’OTKpUO’ GUHOMHY
pacrnoney
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9 DBecesnoBe ¢yHKNINje IpBe BpCTE

dyuruuja J, : C — C nedunncana ca

2\ —1)k z
J“(Z):(i) ;k!F(( +1)k+1) (5)%’ aclt

je Becenoa® ¢yHkymja npee BpcTe. 3a 1mesobPOjHE BPEAHOCTU MapaMerpa a IOoC-
TOje pa3He PEKypeHTHe Be3e, Ha MIPUMED,

Jn-1(2) + Jny1(2) = 7Jn(z),

In-1(2) = Jnt1(2) = 2J;,(2),
n
Int1(2) = ;Jn(z) = Ju(2).
BecesoBa ¢ysrmuja J, je jenHo pememe mupepeHNIUjaHe jeqHAYUNHE

2y (2) + 2y + (2° — a®)y(z) = 0.

dyuruuja I, : C — C' nedpunucana ca

L(z) = (;)“; W(;)%, 0eR

je moaugukosana becenosa ¢pyHkumja npse Bpcte. Cuenujamnuo, 3a ¢ € R
= Pk T\ 1 x\ 2k
o)=Y e 0= (5) Lamem(s)

(@) =>_ 92k (k1)2 (@) =1{3 I;Jk:!(n—l-k)! 2

k=0

Jemnakoct

I,(z) =i"J,(iz),

naje Be3y maMmeby ¢ysrumja I, n J,, a 3a mesodbpojHe BpeAHOCTU IapaMerpa a
IIOCTOje peKypeHTHe Be3e, aHAJIOTHe Be3aMa 3a DecenoBy ¢QyHKOU]jY,

2n
In—l(z) - In+1(z) = 7171(2)7
In-1(2) + Inyi1(2) = 215, (2),
n
Iia() = =2 1(2) + T4 (2).
MomndpuroBana BecesnoBa ¢pyarnuja J, je jenno pememe audepeHnjante jel-

Ha4YMHE
2y (2) + 2y — (2% 4+ a®)y(z) = 0.

5Vilhelm Bessel (1784-1846) - HeMauku acTPOHOM
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10 DBecenoBe ¢pyHENUje npyre BpcTe

dynruuja N, : C — C nepunucana ca

Sinlaﬂ(Ja(z) cosarm — J_4(2)), a€ Z
N.(z) = )
P (Jo(2)cosar — J_u(2)), a€Z

je Becenosa ¢yHkuynja apyre spcte, a pyurmmja K, : C — C' nepuuucana ca

ml_q(z) = 1a(2)

2 sina ogZ
Ka(2) = "
I_.(z)—1,
i Le@) ZLele)
2 c—a sin e

je moangukoaHa Gecenosa ¢yHkumja Apyre BpcTe.

11 Xwunepreomerpujcka ¢pyaknuja M

ITocroju Buie xumepreoMeTpujckux QyHKIHUja Koje ce neduHUmy momMohy cre-
[IEHMX PeNoBa WM Kao pelllelha HEKUX JUHeapHUX JuPepeHnnjalHnX jeIHaYnHA
OPYTOr pefa ca (PYHKIUOHAJIHUM KOePUIjeHTUMA.

Hexka je (a), osmaka 3a mpousson a(a+1)(a+2)---(a+n—1), rme je a € C
u n € N. Xunepreomerpujcka ¢pyaknuja M(a,b;) nepunume ce ca

e (a)n "

M(a,b;x)zz c—, a#0,-1,-2,...

— (b)n n!

U OHA je jeJHO pelleme jenHaunHe

zy”(z) + (b — 2)y'(x) — ay(z) = 0.

T(a+n)
I'(a)

ZT) =T(a+n) =
M(a,byz) = L
(a,b;) ;m) HZ:O T(h+n) nl
$yurmmja M Moske ma ce IpeNCcTaBU U WHTET PAJIOM

M(a,b;x) = F(cgg)()ba) /0 et (1 — )b a,

Kako je (a), = , TO je

a BayKM M jeTHAKOCT
M(a,b;x) ="M (b — a,b; —x).

3a u3Bone pynruumje M Baku

M™ (a,b;z) = ((ZgnM(a—i—n,b—l—n;x).
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Muore mMareMaTnuke (GyHKOUje MOry na ce mspale momohy ¢ymrmuje M. Ha

npuMep,
a

¢ = M(a,a;2), (a,2) = —M(a,a+1; ),
a

I,(z) = ¢’ (g)nM (n—|— 1,2n+ 1;2x> .

n! \2 2

Y nurtepaTrypu Ha €HIJIECKOM je3MKy OBAa XMUIEPreOMeTpPHrjCcKa (yHKOuja ce 30Be
u Kummer confluent hypergeometric function n o3nauaBa ca F nam 1 Fj.
12 JlarepoBu moJIMHOMU

Ilonusom L, nedwmHUCAH ca

je Jlarepos® nonuHom. Ma npumep,
Lo(z) =1, Li(z)=1—x, Lo(x)=2—4x+2* L3(x)=06— 182+ 92? — 2°.
lloaursom L,, je pememe mudepeHnumjanse jeqHadmse
2y + (1 —2)y +ny=0,
a BayKU 1 PEKyDEeHTHa Besa
Lyy1(z) + (x —2n — 1)Ly (x) + n2L,_1(x) = 0.

[Tapamerap n (CTeneH MOMMHOMA) Ce MOKe YOIINITATHU Ha PEAJHY BPEIHOCT, DU
uemy je Lo(z) = M(—a,1,z) 3a a € R. Cnenujauso,

1 — _
Ll/g(.’ll) = M <_2,17£L') = ew/2(1 — CC)IO <;> - €$/2.’I;.[1 (;) .

Ilomueom LS nedmEmMcan ca
n

N n\T(c+n+1)
Ly (z) = kzzo(_l)k (k> Tt kbt a®

je yonwTtenu Jlarepos nonuvom. CrienujaHul CaydajeBU Cy, HA TPUMED,
Ly(z)=1, L "(x)=(-1)"z", neN.

Ilomuuom L, je pemieme nudepeHiujante jejHadnte

2y’ +(c+1—2)y +ny=0.

SE. N. Laguerre (1834-1886) - ¢ppaHIycku MaTeMaTUdap
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